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Riemann—Hilbert method: classical theory

o Cauchy, 1820s-1830s: Cauchy integral formula and Cauchy-type
integrals become the basic tools for recovering holomorphic functions
from boundary data. Riemann, 1850s: analytic functions are studied
through boundary values, analytic continuation, monodromy, and
Riemann surfaces. Sokhotski, 1868: boundary limits of Cauchy-type
integrals are described, leading to the Sokhotski—-Plemelj jump
formulas. Hilbert, 1900: Hilbert's 21st problem asks for linear
differential equations with prescribed singularities and monodromy.
Plemelj, 1908: the scalar Riemann—Hilbert boundary value problem
is solved using Cauchy integrals:

_ 1 1) _

o M. Riesz, 1920s: the Hilbert transform is developed as a central
singular integral operator, with LP boundedness for 1 < p < cc.

@ 1940s-1960s: the Riemann—Hilbert problem leads to the theory of
singular integral equations and boundary value problems.
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Riemann—Hilbert method: modern analysis

1970s—-1980s: Calderon’s program connects Cauchy integrals,
commutators, and singular integral operators on Lipschitz curves and
surfaces. 1981, Peter Jones: uniform domains are linked to Sobolev
extension, giving a geometric language for rough domains. 1982,
Coifman—MclIntosh—Meyer: the Cauchy integral is proved to be bounded
on L2 for Lipschitz curves. 1984, Verchota: layer potentials are used to
solve the Dirichlet and regularity problems for Laplace’s equation in
Lipschitz domains. 1980s—1990s: Dahlberg, Jerison, Kenig, Fabes, David,
Semmes and others develop harmonic measure, boundary value problems,
and uniformly rectifiable geometry. 1990s—2020s: layer potentials and
singular integral methods are extended to more general elliptic systems and
rough geometric settings. Mitrea school: Dorina, Irina, and Marius
Mitrea, often with Taylor, Hofmann, Martell, Morris and others, develop
layer potentials, traces, function spaces, and boundary problems on
nonsmooth, uniformly rectifiable, and geometric domains. Deift—Zhou:
nonlinear steepest descent connects Riemann—Hilbert problems to inverse
scattering, orthogonal polynomials, random matrices.
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Framework: two-sided extension domains [always assumed]

Definition

Q is a two-sided extension domain if:

(i) Qis an H'-Sobolev extension domain?;
(ii) Q° := R"\Q is an extension domain;

(iil) 8Q = A(Q°) et A()(8Q) = 0.

]

Two-sided ) and (ii) fail (iii) fails
extension domain

No specified boundary measure.

![Hajtasz, Koskela et Tuominen, 2008]
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

1
Tr; =i dx, H(Q), 0Q q.e.
' U(X) rLrSJr )\(”)(Q N Br(X)) /QOB,(X) o ‘e ( ) X< €

X
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

1
Triu(x) = i
Ul = i @ B, ()

Theorem (Trace theorem)
- B(0Q) := Tr;(H'(Q)) is a Hilbert space for

Ifllsae) == min{l|vl[m@) | Triv="~f}=[7]mg),
where (—A + 1)V = 0 weakly on Q (i.e. v € V41(Q)) and Tr; v = f.

/ udx, ue HYQ), x €00 q.e.
QNB(x)

- Ker Tr; = H(Q) == (@) "
- i(Q) = (H(Q))*-
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

1
Triu(x) = lim

d HY(Q 09 q.e.
0t A (Q N B (x)) /m,m“ 5 uEH(Q) xedge

We consider Tr; : H(Q) — B(09).
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

1
Tr; = i dx, HY(Q), o9 q.e.
Ul = I @ B, () /gm,(x) v, u e HI{Q), xc O qe

We consider Tr; : H(Q) — B(09).

e Neumann BC: weak normal derivative e.g. Doob 1962,
Constantinescu-Cornea 1963, Maeda 1964, 1980

oju

Vv € HY(Q), —, Triv = [ (Au)vdx+ [ Vu-Vvdx,
ov B.B Q JQ

where u € HY(Q) with Au € L%(Q).

We consider 22 : HY(Q) N {A- € L2(Q)} — B'(9).
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

Tre u(x) = lim 7C1 / udx, ue HY(Q), x € 99 q.p.
r=0t A(M(Q" N B,(x)) Jans.(x)

We consider Tr, : HY(Q°) — B(dQ).
e Neumann BC: weak normal derivative
P Oal ' . ' .
Vv e H(Q), —— Trev =— [ (Au)vdx — Vu-Vvdx,
()7/ B, B [l Q°

where u € HY(Q°) with Au € [2(Q°).

We consider % CHY Q) N {A- € 12(Q°)} — B/(89).
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Some important isometries and estimates

Tr i

Vi(Q) = HY(Q)* s B(OQ)

g

VI (Q) < B'(9)
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Some important isometries and estimates

Tr i

Vi(Q) = HY(Q)* s B(OQ)

g

VI (Q) < B'(9)

Proposition

Let Q be a two-sided extension domain. Then, for v € V; (ﬁc), it holds
(1Bqell? = )72 | Tre vilsan) < IVl ae) < ([Eall® = 1)2[Tre viisge),

where the constants are optimal.

Sasha Teplyaev (*) Convergence & monotonicity June 29, 2026 7/43



Specific extensions

Q
/. .\
z g |
[
°
: g j
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Specific extensions

Eq : HY(Q) — HY(R") N V4(Q°)

Q
/. .\
z g |
[
°
: g j
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Specific extensions

Eq : HY(Q) — HY(R") N V4(Q°)
Q

- Ege HY(Q%) — HY(R") N V4(Q) ;

Q

Q
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Specific extensions

Eq : HY(Q) — HY(R") N V4(Q°)
Q

Ege : HY(Q%) — HY(R") N V4(Q)
o .

Hoq : B(OQ) — HL(R") N V4 (R"\OQ)

Q
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The Riemann-Hilbert problem on Lipschitz domains

u is holomorphic on C\042,
Riemann-Hilbert problem: Ty —Trd%u = f,

u(z) - 0 as |z| = +oo.

2[Muskhekishvili, 1977]
3[Chapman and Vanden-Broeck, 2006]
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The Riemann-Hilbert problem on Lipschitz domains

u is holomorphic on C\042,
Riemann-Hilbert problem: Ty —Trd%u = f,

u(z) - 0 as |z| = +oo.

If Q is Lipschitz, then u = ®yqf where

doaf(z) = i/a fy) Ady), zeC,

Wiy
is the Cauchy integral?.

Used in signal processing and for the computation of gravitational
waves®,

2[Muskhekishvili, 1977]

3[Chapman and Vanden-Broeck, 2006]
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Connection to the harmonic transmission problem

—Au=0 onR"\0Q,

Transmission problem: -gim Ug Trgg u="f¢€B(09),
iu u
R j =g c B’(@Q)

*Classical case: [Verchota, 1984]
Extension domains: [C., Hinz, Rozanova-Pierrat and Teplyaev, 2024]
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Connection to the harmonic transmission problem

—Au=0 onR"\0Q,

Transmission problem: -gim Ug Trgg u="f¢€B(09),
iu u
R j =g c B’(@Q)

By the superposition principle,
Tr?? ug — Trd® ug =0,
U= us— up where diup  deup
ov o

*Classical case: [Verchota, 1984]
Extension domains: [C., Hinz, Rozanova-Pierrat and Teplyaev, 2024]
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Connection to the harmonic transmission problem

—Au+u=0 onR"N0Q,

Transmission problem: -([)rim Ug Trgﬂ u="f¢€B(09),
iU u
5 5V =g € B'(09).

By the superposition principle,
Tr?? ug — Trd® ug =0,
U= us— up where diup  deup
ov o

We introduce the single and double layer potential operators*

Soq: g € B/(ﬁQ) — us € Vi(R™09Q),
Dagq : fe B(@Q) — up € Vi (R”\@Q)

*Classical case: [Verchota, 1984]
Extension domains: [C., Hinz, Rozanova-Pierrat and Teplyaev, 2024]
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Outline of the method

Solve the R-H problem on two-sided extension domains.
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Outline of the method

Solve the R-H problem on two-sided extension domains.

® For Lipschitz boundaries, ®yqf solves a transmission problem:

Poaf = Soagr — Doaf.

@ Syq and Dyq are well-defined for two-sided extension domains.
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Outline of the method

Solve the R-H problem on two-sided extension domains.

® For Lipschitz boundaries, ®gqf solves a transmission problem:
Poaf = Soagr — Doaf .

@ Syq and Dyq are well-defined for two-sided extension domains.

Q Approximate Q with smoother (Q,),c1, to prove that the solutions
for 0Qy, ®aq, fk, will converge to a solution for 02, ®paf.
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Outline of the method

Solve the R-H problem on two-sided extension domains.
® For Lipschitz boundaries, ®gqf solves a transmission problem:
Poaf = Soagr — Doaf .

@ Syq and Dyq are well-defined for two-sided extension domains.

Q Approximate Q with smoother (Q,),c1, to prove that the solutions
for 0Qy, ®aq, fk, will converge to a solution for 02, ®paf.

® How to approximate Q?

® What does converge mean for functions defined on different
spaces?
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Dyadic approximation
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Dyadic approximation
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Dyadic approximation

.n?"'%r;
1.{'3
98 Far
) b,
I R S
e
D3
1 ﬂ;
L ETRSE
[
[ oy
root Lty
e
I'____l |__'It1
! .;'V‘J_:é‘kﬁ'
15 T
i
A

Proposition
Let (Q)ken be a dyadic approximation of Q. It holds Q. Q.
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Convergence of and along a sequence of Hilbert spaces

Definition (Convergence of Hilbert spaces [Kuwae-Shioya, 2003])

A sequence (Hy) of Hilbert spaces converges to a Hilbert space H through
(Tk)ken, where (Tx € L(H, Hk))ken. if it holds

VueH, |[Tkulln, — |lulla-
k—00

Morally, u € H is represented in Hy by Tru.
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Convergence of and along a sequence of Hilbert spaces

Definition (Convergence of Hilbert spaces [Kuwae-Shioya, 2003])

A sequence (Hy) of Hilbert spaces converges to a Hilbert space H through
(Tk)ken, where (Tx € L(H, Hk))ken. if it holds

Vue H, |[Tkulln, —— llulln-
k—o0

Morally, u € H is represented in Hy by Tru.

Definition (Convergence of vectors)

Assume Hy — H through (7x)ken. A sequence (ux € Hy)ken is said to
converge to u € H if it holds

||Uk = 77<U||Hk — 0.
k—00

Converging to u means becoming arbitrarily close to its representatives 7Ty u.

Sasha Teplyaev (*) Convergence & monotonicity June 29, 2026 15 /43



lllustration of the convergence of Hilbert spaces




lllustration of the convergence of Hilbert spaces

u
5 U s
L]
— R o - Uk__ _ -

“ N ’, N - T ¢ N 4 N
/7-“ \ ’ \ ’ \ - \
/ 1 N / 7-2U / 7§U \ / ,TkU \ AT \
/ \ / \ / \ / / \
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\ / \ / \ / \ / \ /
\ / \ / \ / \ / \ /
\ 4 \ 4 \ / \ 4 \ /
N // N // N // N // \\ //
Hy H, Hs Hy ’ H

k—00

ux — u through (7%)ken...



lllustration of the convergence of Hilbert spaces

u
d U us
- - Uy _ _
//71”\\\ R //,7/- \\ - /./ : \ ﬁi’(\\\\“*'// \\\
// \ // 2U \ // 7§U \ // 77(“ \ // u \
. \\ . \\ . \\ . | /l \\
: . | : . | : . | : . | : . |
\ ! \ I’ \ ! \ /, \ O /I
' Riu ' Rou ' Rsu \\'_'Rk/U¢/ N /
o« - « - -« - / \ /
Hy H> H3 Hy PR H
ux — u through (7%)ken... but not through (R )ken !
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Decompositions of the space of solutions

The space of solutions to (—A + 1)u = 0 on R"\0Q can be described as

VI(RMOQ) = Vi(Q) & W(Q9) (geographic)

= Vis(RMoQ) & Vip(R™M0Q) (in potentials)
—_— —_—

null jump in Tr null jump in 2
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Decompositions of the space of solutions

The space of solutions to (—A + 1)u = 0 on R"\0Q can be described as

VI(RMOQ) = Vi(Q) & W(Q9) (geographic)
= Vis(RMoQ) & Vip(R™M0Q) (in potentials)
—_— —_—

null jump in Tr null jump in 2

The problem is connected to the decomposition in potentials...
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Decompositions of the space of solutions

The space of solutions to (—A + 1)u = 0 on R"\0Q can be described as

VI(RMOQ) = Vi(Q) & W(Q9) (geographic)

= Vis(RMoQ) & Vip(R™M0Q) (in potentials)
—_— —_—

null jump in Tr null jump in 2

The problem is connected to the decomposition in potentials...

but the geographic decomposition is more tangible.
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Convergence framework for V; functions inside

If Qx 7 Q, which ux € V1(Qk) represents a given u € V;(Q) best?
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Convergence framework for V; functions inside

If Qx 7 Q, which ux € V1(Qk) represents a given u € V;(Q) best?

Since Qi C Q, if u € V41(Q), then ulg, € Vi (Qx).

Jolay Fingay = [ (Il +|uP)1g, dx

2 2 _ 2
o 9P+ luP)inax = g,
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Convergence framework for V; functions inside

If Qx 7 Q, which ux € V1(Qk) represents a given u € V;(Q) best?
Since Qi C Q, if u € V41(Q), then ulg, € Vi (Qx).
Jolay Fingay = [ (Il +|uP)1g, dx

2 2 _ 2
o 9P+ luP)inax = g,

Proposition
If Q. 7 Q, then Vl(Qk) — Vl(Q) through ("Qk)kEN-
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Convergence framework at the boundary: traces

If Qx 7 Q, which f, € B(0) represents a given f € B(0R2) best?
Ex: Q=]0,1[ and Q4 =]27k, 1 — 27K, k > 2.

Bl
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Convergence framework at the boundary: traces

If Qx 7 Q, which f, € B(0) represents a given f € B(0R2) best?
Ex: Q=]0,1[ and Q4 =]27k, 1 — 27K, k > 2.

Bl

There is an infinite number of ways to connect the dots...
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Convergence framework at the boundary: traces

If Qx 7 Q, which f, € B(0) represents a given f € B(0R2) best?
Ex: Q=]0,1[ and Q4 =]27k, 1 — 27K, k > 2.

Bl

Bl
=L

There is an infinite number of ways to connect the dots...

¢ Extend using a solution to the problem (here, (—A + 1)u = 0)
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Convergence framework at the boundary: traces

If Qx 7 Q, which fi, € B(0S) represents a given f € 5(0Q2) best?
Ex: Q =]0,1[ and Q4

=27k 1 -2, k>2

S~

]
1
7

3
4
Proposition

If Q7 Q, then B(0S) — B(9Q) through (Tr®* oHyq)ken
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Did we do things right?

We chose those convergence frameworks for the Vi and B spaces because
they felt ‘natural’. Do they work together?
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Did we do things right?

We chose those convergence frameworks for the Vi and B spaces because
they felt ‘natural’. Do they work together?

Proposition
Assume Qi 7 Q. If (uk € Vi(Q))ken and u € V1(Q2), then

uy — u  through (-|q,)ken
k—o0

— Tr?Qk Uk k—> Tr,-af2 u through (TraQ“ oHpq)ken-
—00
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Did we do things right?

We chose those convergence frameworks for the Vi and B spaces because
they felt ‘natural’. Do they work together?

Proposition
Assume Qi 7 Q. If (uk € Vi(Q))ken and u € V1(Q2), then

uy — u  through (-|q,)ken
k—o0

— Tr?Qk Uk k—> Tr,-af2 u through (TraQ“ oHpq)ken-
—00

The convergence frameworks for V4, B et B’ are indeed compatibles.
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Are those convergence frameworks relevant?

A priori, a convergence across Hilbert spaces is very weak...

Proposition

Assume Q. Q and (Eq, )ken is uniformly bounded. If (ux € Vi(Q))ken
and u € Vi(Q), then

Uy — u through ('le)keN <~ ||EQU — EQkUk”Hl(Rn) — 0.
k—o00 k—o00
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Are those convergence frameworks relevant?

A priori, a convergence across Hilbert spaces is very weak...

Proposition

Assume Q. Q and (Eq, )ken is uniformly bounded. If (ux € Vi(Q))ken
and u € Vi(Q), then

Uy — u through ('le)keN <~ ||EQU — EQkUk”Hl(Rn) — 0.
k—o00 k—00

The convergence across spaces for V; functions can be strengthened into a
(standard) convergence on H'(R"): we did things in the ‘right way’!

Consequently, the convergence framework for 3 is also ‘right’.
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

-

O+
Bl

ENTRES

Proposition

IfQ 7 Q, then Vi(Q)) — VA(Q°) through (

)kEN 2
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

O+
Bl

ENTRES

Proposition

IfQ 7 Q, then Vi(Q)) — VA(Q°) through (

Eqe - )keN-
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?

Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

T

Bl
[

O+
Bl

Proposition
If Qu 7 Q, then Vi(Q)) — VA(Q°) through (( Ege- gt )ken
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

O+
Bl

ENTRES

Proposition

IfQ 7 Q, then Vi(Q)) — VA(Q°) through (

(Ege o, ke
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

Bl

ENTRES

Proposition

If Qi 7 Q, then VA(Qy) — VA(Q") through ( Eq, (Eg: - )la,

)kEN 2
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?

Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

-
-

//

Bl
[

O+
Bl

Proposition
IFQx 7 Q, then VA(Qy) — VA(Q") through ((Eq, (Eg: - ) lge Jken-
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

-
-

0

//

Bl
[

]
1
4

Proposition

IfF Q. 7 Q, then Vi(Q)) — VA(Q°) through (E)ken.
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Did we do things right? — part 2

Can we link the convergence of the solutions and their exterior boundary
values as we did before?
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Did we do things right? — part 2

Can we link the convergence of the solutions and their exterior boundary
values as we did before?

Proposition

Assume Qi Q, and (Eq, ) and (Eﬁi) are uniformly bounded. If
(ux € V1(Q%))ken and u € V4(Q), then

up — u  through (Ek)ken
k—o0

= Ty, P Tr% u through (Tr?% oHpq )ken
—00

— ||E§cu — Eﬁiuk”Hl(R") m} 0.
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Back to the whole space

We built the convergence of the V; spaces along the geographic
decomposition...

Proposition

Assume Qi Q, and (Eq, ) and (Eﬁi) are uniformly bounded. If
(uk € Vl(Rn\an))k — uc Vl(Rn\ﬁﬂ) through (“Qk SV, Sk)k: and

u=Spag — Doaf et ur= Spa,8« — Doq,fk,
then

S0, 8k — Soag through (|, © k),
Dagk fx — Daqf through ("Qk ©® 5/()

... yet the decomposition in potentials is also preserved!
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The Riemann-Hilbert problem on extension domains

Under the same hypotheses, we can deduce

fi — £ through (Tr%* Hpg,)
= (Dan fk — ¢agf through ('laﬂ D 5;().
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The Riemann-Hilbert problem on extension domains

Under the same hypotheses, we can deduce

fi — £ through (Tr%* Hpg,)
= (Dan fk — ¢agf through ('|6Q D 5;().

Since the convergence through (-|aq © k) can be strengthened into an
H(R") convergence, it also holds

®pq, fk holomorphic on C\0Q2x = Ppqf holomorphic on C\0Q.
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The Riemann-Hilbert problem on extension domains

Under the same hypotheses, we can deduce
fi — £ through (Tr%* Hpg,)
= (Dan fk — ¢agf through ("69 &b 5;().
Since the convergence through (-|aq © k) can be strengthened into an
H(R™) convergence, it also holds

®pq, fk holomorphic on C\0Q2x = Ppqf holomorphic on C\0Q.

Let Q2 be a two-sided extension domain of C. Assume there exists a
sequence of Lipschitz domains (i )ken such that Q, Q, and (Eq,) and
(Eﬁi) be uniformly bounded.

Then, we can define a Cauchy integral ®sq : B(0Q2) — H(C\0RQ)
which solves the Riemann-Hilbert problem.
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end of the converegnce part

To find out more:

@ G. Claret, A. Rozanova-Pierrat and A. Teplyaev, Convergence of layer
potentials and Riemann-Hilbert problem on extension domains (2026).

@ G. Claret, M. Hinz, A. Rozanova-Pierrat and A. Teplyaev, Layer potential
operators for transmission problems on extension domains. Journal de
Mathématiques Pures et Appliquées (9) 212 (2026), Paper No. 103888,

42pp.
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Link with the Poincaré-Steklov operator

Let u € V4(2). Then,

O _
ov

Ai(Triu) and  Spa (%) — Daq(Triu) = ulg ® 0lge.
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Link with the Poincaré-Steklov operator

Let u € V4(2). Then,

oju Oiu
e Ai(Triu) and  Spa (%) — Daq(Triu) = ulg ® 0lge.
Hence,
8,'U _ ) 86 8;u N 86 )
Tre |:SaQ E] = Tre [DaQ(Tr, u)] and 5 [SQQ%] = 5 ['DQQ(TF, u)] .

Proposition

Let Q be a two-sided extension domain. Then,

1 1 -1
M =Vig (51 +’C69) = - (-5/ +’C?§Q) Waq.
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Neumann-Poincaré operators for Lipschitz boundaries®

For f € [2(0Q,0),

Koaf(x) = —p. /8Q Mf(y) o(dy),

Wn |X_y‘n

with w, the area of the unit sphere in R” and (v, ),caq the outgoing
normal vector field.

®[Escauriaza, Fabes, and Verchota, 1992]
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Neumann-Poincaré operators for Lipschitz boundaries®

For f € [2(0Q,0),
1 {y —x,vy)
/Cfx::—../—’yf dy),
aaf (x) oY L Ty (v)o(dy)

with w, the area of the unit sphere in R” and (v, ),caq the outgoing
normal vector field.

It holds, for f,g € L%(0Q,0):

) 178, 0
Kaaf = (Tr, —i—Tre)Dan and K@Qg = 5 <61/ + o >San.

®[Escauriaza, Fabes, and Verchota, 1992]
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Neumann-Poincaré operators for extension domains

Definition

Let Q be a two-sided extension domain of R".
We define

Koq : f € B(BQ) — %(Tr,- —|—Tre)Dg)Qf S B(&Q)
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Neumann-Poincaré operators for extension domains

Definition

Let Q be a two-sided extension domain of R".
We define

Koq : f € B(@Q) — %(Tr,- —i—Tre)Dan S B(&Q)

. x L / 1[0 De /

The operator Kyq : B(02) — B(0R) is linear and continuous.
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Understanding Neumann-Poincaré operators

@ —>ICBQ l ﬁ+%
ov 2\0v Ov us

Saa
u
I
us — up
Daq
1
E(Tr,- + Tre)up Ao —[Tru]
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Calderon projectors

Voo = Tr Spn : B(99) = B(OQ), Wag = —%Daﬂ . B0Q) — B(99).

Let Q be a two-sided extension domain of R". Consider the operators

1 1
C,‘ = §I+M and Ce = EI—M,

where

—Koa Vaa , ,
M = . B(09) x B(99) — B(Q) x B/(69).
Woa  Kja

Then C; and C. are linear continuous (Calderdn) projectors. In particular,

KaaVaa = VaaKha and WaaKaa = KiaWaa.

Generalization of: [Nédélec, 2011].
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Interpretation of the Calderén projectors

u is a solution to the transmission problem:

[Tru] Triu
Ci @ =\ oiu |-
ov v

v = ullg + 0le is a solution with:

[Trv]=Triu and %ﬂ =

Oiu
ov’

hence

. [Tru] . [Trv] AL
(i) liz)- ()
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Understanding boundary value operators

Vaa Ou Kig 1/70 0.
Trus < — —= =+ =
rs |[81/H 2 (81/ + av )"
Saq
u
Il
us — up
Dasa
1 Oup
E(Tr, + Tre)up <—K'BQ —[Tru] Won -
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Well-posedness as boundary integral equations

A usual approach to one-sided problems ([Colton and Kress, 2013],
[Chandler-Wilde et al., 2012], [Caetano et al., 2024]) is via boundary integral
equations.

Proposition

For all h € B(0R2), the boundary equations

(——l+l€ag>f_h and  Viog = h

have unique solutions f € B(02) and g € B'(0Q) respectively.

Any interior Dirichlet solution is a restricted SLP/DLP.
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Neumann series

Equivalent norm on B(9Q): |- |21 = (Vag-, ) B, B(0Q)-
[2i92

Let Q be a two-sided extension domain of R". Then, there exists
c €]1/2,1[ such that for all f € B(0Q):

1
(1=l < | (51 +Kom)

< c||f]|y,-1-
o < bz

Generalization of: [Steinbach and Wendland, 2001].
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Neumann series

Equivalent norm on B(9Q): |- |21 = (Vag-, ) B, B(0Q)-
[2i92

Let Q be a two-sided extension domain of R". Then, there exists
c €]1/2,1[ such that for all f € B(0Q):

1
(1=l < | (51 +Kom)

< c||f]|y,-1-
o < bz

In particular,

+

) 1 k —+oco
<2/ + K@Q) = Z (Tre DaQ)k.

1 -1
—(Tri Do)t = (2/ - /caQ> —
k=0 k=0

Generalization of: [Steinbach and Wendland, 2001].
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Spectrum of the Neumann-Poincaré operator

With a perturbation result [Davies, 2007]...

o Re())

Nlw

... the spectrum of Cyq (and of K}) lies in the gray area.
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To find out more:

o G. Claret, A. Rozanova-Pierrat and A. Teplyaev, Convergence of layer
potentials and Riemann-Hilbert problem on extension domains (2026)
arXiv:2411.03767

G. Claret, M. Hinz, A. Rozanova-Pierrat and A. Teplyaev, Layer potential
operators for transmission problems on extension domains. Journal de
Mathématiques Pures et Appliquées (9) 212 (2026), Paper No0.103888, 42pp

M. Hinz, A. Rozanova-Pierrat and A. Teplyaev, Boundary value problems on
non-Lipschitz uniform domains: Stability, compactness and the existence of
optimal shapes. Asymptotic Analysis 134 (2023), no. 1-2, 25-61.

M. Hinz, F. Magouleés, A. Rozanova-Pierrat, M. Rynkovskaya and A.
Teplyaev, On the existence of optimal shapes in architecture. Applied
Mathematical Modelling 94 (2021), 676-687.

M. Hinz, A. Rozanova-Pierrat and A. Teplyaev, Non-Lipschitz uniform
domain shape optimization in linear acoustics. SIAM Journal on Control and
Optimization 59 (2021), no. 2, 1007-1032.
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@ SU(2) small balls converge to Heisenberg group small balls
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Theorem (Carfagnini, Gordina, T)

> 0< M < A<\ < ... Dirichlet eigenvalues in the unit ball B in H,
counted with multiplicity

> 0 <A <\, <\ < .. Dirichlet eigenvalues in the r-ball B/ in
SU(2), counted with multiplicity
= lim 2\l =\ n>1

n
r—0
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SU(2) ~ 83

1 1g3

H-ball H ~ R3
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SU(2) ~ §3

1su(2) ~ 183

H-ball H~ R?

the Heisenberg ball [picture made by Nate Eldredge]
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@ Strong Monotonicity Lemma
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Spectral Mass, Monotonicity, and Projective Limits

(Patricia Alonso-Ruiz, Jun Kigami, AT)

Strong Monotonicity Lemma: Let A be a &,-closed subset of . Then
conditions (M1), (M2) and (M3) are equivalent:

(M1) For any u € F,

(Prg*(u), Prf)*(u))’H < (U, V)?'b (1)
where Prg (u) : F — A is the &,-orthogonal projection onto A.

(M2) (H+ N(AND) = Ay, where Ay denotes the H-closure of A.

(M3) (u,v)y =0 for any u € A and any v € Az, where .Aé* is the
E.-orthogonal complement of A in F. Also, Ai is the &,-orthogonal
complement of Ag, in F.
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0

Thank you for your attention!
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