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Introduction

Jacobi operators on graphs

Definition
A Jacobi operator on a graph G = (V(G), E(G)) is a matrix
J= (J(m,y))x JV(G) indexed by the vertices V' (G), such that J(z,y) =0

whenever (z,y) ¢ E(G) and x # y. We denote the set of all Jacobi
matrices on graphs by

J :={ J|J is a Jacobi matrix on a graph}. (1)

ON. Avni, J. Breuer, and B. Simon. Periodic Jacobi matrices on trees. Adv. Math.,
370:107241, 42, 2020.
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The building block graph G

® J. finite tridiagonal matrix,
centrosymmetric, i.e.
Jos = RJ.s R, where R is the b(0)  a(l) 0 ... 0

anti-diagonal identity matrix. a(no) - b(1)  a(2) 9
o Guo= (V(Go), E(Go)) isa =7 7m0
finite directed weighted path 0 0 0 o(1) ab((%(;)
graph.
® J . as the weight matrix of G;.
a(1) a(2) a(ng-1) a(ng)
a(no) a(np-1) a(2) a(1)
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The model graph G,

* G, =(V(Gp),E(G)p)) is a locally finite connected directed graph.

® Random walk on G, i.e. the weight matrix of GG, is given by a
probabilistic graph Laplacian

Apf(x)=f(x) = > plz,y)f(y),

y:(z,y)eE(Gp)

where p = {p(z,9) } (,4)eB(G,) IS @ given sequence of transition
probabilities.

® Symmetric random walk on G, then A, becomes the standard
probabilistic graph Laplacian.

A. Teplyaev (UCONN) March 18, 2022
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Introduction

Substitution graph and substitution operators

® We fix the graph G,. The collection of all probabilistic Laplacians on
G is denoted by Lg, .

® We denote the class of centrosymmetric matrices by CS.J.

® Given a building block G5, we construct a new graph
G = (V(G),E(G)) by substituting copies of G5 between adjacent
vertices in G,

® (G is called a substitution graph.

® For a choice of the probabilistic Laplacian Ay, of G, the weight
matrix of GG is given by a substitution operator

Fo i La, xCST — J
(Apy Jcs) — FGP(Apa Jcs)

* Fg,(Ap,Jc) is a Jacobi operator on the graph G.
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Introduction

Jacobi operators on a Sierpinski lattice
® (G is a finite directed weighted path graph associated with a
centrosymmetric Jacobi matrix Js
* () is a finite graph approximation of a Sierpinski lattice.

® The substitution graph G is constructed by substituting copies of the
graph G, between adjacent vertices in Gp.

Ges G

T S ST S e
e
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Substitution Operator

How is the weight matrix Fz, (Ap,Jcs) defined?

Definition (Substitution Operator)

® The substitution procedure naturally induces a covering map, which
we denote by ¢ : V(G) - V(Ges)

* We denote shortly J := Fig, (Ap,Jc). The diagonal entries are given by
J(Qj‘,l‘) o= JCS(SO(x)a(P(:E))? er(G)

® Each (z,y) € E(G) is associated with an edge (¢(x),¢(y)) in a copy
of G5 and suppose that this copy replaced the edges between the
vertices, say u,v € V(Gp). Then we set

{ J(z,y) = p(u,v)Ies(0,1), if z=u,
I(z,y) = des(p(2),0(y)), if ¢ V(Gp).
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Introduction

Piecewise centrosymmetric Jacobi operators

* We call the operator J := Fg,(Ap, J.) a piecewise centrosymmetric
Jacobi operator on G.

® The goal of this project is to study the spectral theory of these
piecewise centrosymmetric Jacobi operators.

e Our main result proves that the spectral theory of a piecewise
centrosymmetric Jacobi operator J can be explicitly related to the
spectral theory of the probabilistic Laplacian Ay using certain
orthogonal polynomials.
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Main result

Theorem

The following statements hold:
(1) Ry (0(Ap)\{0,2}) co(J) c R} (o(Ap) u{0,2}).
(2) The resolvent operators satisfy the following renormalization identity
_ PP _(2) _
1 no—1 1
U2I-3) U=-=—2-(R I-A
(:1-9Y 0 - - LS (R () - &)
for z € p(J) and z ¢ &), = o Jo )

(3) Polynomial R, gives an isomorphism of the types of the spectral

measures of the operators J and Ay, outside of the finite exceptional
set Ry ({0,2}).
The polynomials Rj_, and P,g_l(z) are given explicitly below.

A. Teplyaev (UCONN) March 18, 2022 12 /61



Orthogonal polynomials and centrosymmetric Jacobi matrices

@® Orthogonal polynomials and centrosymmetric Jacobi matrices
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Orthogonal polynomials and centrosymmetric Jacobi matrices

Three-term recurrence relations

® J . is a Jacobi matrix, orthogonal polynomials naturally arise through
the associated three-term recurrence relations.

® Two cases are relevant, J.s and the restriction of J.s to the interior

vertices of G5, which we denote by Jg.

b(0) | a(1) 0

Jcs = Jgs

0 ... 0 a(1)

b(0)
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Orthogonal polynomials and centrosymmetric Jacobi matrices

Three-term recurrence relations

* We initialize Py(z):=1 and Pi(z) := z - b(0).
® For ke{2,...,n9+ 1}, we define P;(z) to be the determinant of the
leading principal k x k submatrix of zI — J, i.e.

z - b(0) -a(1) 0 0
—-a(no) z-0b(1) -a(2) 0
Py (z) :=det 0 —a(no—-1) z-b(2)
: . —a(k-1)
0 0 0 —a(no+2-k) z-b(k-1)
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Orthogonal polynomials and centrosymmetric Jacobi matrices

Three-term recurrence relations

® The polynomials Py(2), Pi(2),..., Pny+1(2) satisfy the following
recurrence relations

{Po(z) =1, Pi(2)=2z-b(0)
Pp(z) = (z - b(k - 1))Pk_1(z) —a(k-1)a(no +2-k)Pr_2(z), ke{2,...,n0+1}.

e Similarly we define polynomials P,?(z) corresponding to the Jacobi
matrix JZ

A. Teplyaev (UCONN) March 18, 2022 16 /61



Orthogonal polynomials and centrosymmetric Jacobi matrices

Schur complement of J

We decompose J.s on £({0,n0}) ® £({1,...,n9—1}) in the block form

b(0) 0 a(1) 0 0
0 b0 0 0o .. a(1)
(50 )‘(0) | o) 0 b(1)  a(2) ... 0 o
Xo Qo 0 0 |a(mo-1) b2) :
: a(no-1)
0 a(no) 0 0 a(2)  b(1)

Schur complement of J.,

SChUT’g(aGCS)(JCS) =z] - So - Xo(ZI — Qo)_lX().
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Orthogonal polynomials and centrosymmetric Jacobi matrices

Schur complement of J

Our first result states that the Schur complement of J.s can be expressed
using the polynomials P,,(z) and P, _ D (2).

Theorem

For each z € p(J2) we have

~—

Sehury(oG,.)(Jes) = 63, (2)(Ra, () - Ao), 3
where the functions Ry, (z) and ¢;,, (z) are given by

1'[" T35 a(i)

no 1(2)

Ry, (2)=1- rf—(()) b1..(2) =

Note Ag denotes the trivial probabilistic graph Laplacian

A= (_11 ‘11) (4)
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Spectral similarity of operators

® H, Ho Hilbert spaces, U : Hyp - H isometry.
* H (resp. Hy) bounded linear operator on H (resp. H)

® Let ¢, be complex-valued functions.

Definition (Malozemov, Teplyaev')

We call the operator H spectrally similar to the operator Hy with
functions ¢ and % if

U*(H = 21)7'U = (¢(2) Ho —9(2)I) ", (5)

for all z € C such that the two sides of the equation are well defined.

L. Malozemov and A. Teplyaev. Self-similarity, operators and dynamics. Math.
Phys. Anal. Geom., 6(3):201-218, 2003.
VEE SRR Gl



Spectral decimation function

* For z in the domain of both ¢ and 1 and satisfying ¢(z) # 0 we have
z € p(H) (the resolvent set of H) if and only if

R(2) - 28 ¢ p(Ho), ie.
* N 1 _7/’(2) -1
U*(H-2I)"'U ¢(Z)(H0 o I) . (6)
* We call R(z) = % the spectral decimation function.

A. Teplyaev (UCONN) March 18, 2022 21/61



Characterization of spectral similarity
® |dentify Ho with a closed subspace of H via the isometry U.
® 7{; the orthogonal complement H,.
® Decompose H on H =Hg® Hq in the block form

H:()S; g) (7)

Lemma (Malozemov, Teplyaev?)

For z € p(H) n p(Q) the operators H and Hy are spectrally similar if and
only if the Schur complement of H (i with respect to the decomposition
(7)), given by Schury,(H) := 21 - S - X(2I - Q)" X, satisfies

Schury,(H) = (2)I — ¢(2)Hp. (8)

2|, Malozemov and A. Teplyaev. Self-similarity, operators and dynamics. Math.
Phys. Anal. Geom., 6(3):201-218, 2003.
Eran ), G el




Why spectral similarity?

The exceptional set of H is given by &y :={2€C | z€a(Q) or ¢(z) =0}

Proposition (Malozemov, Teplyaev®)

Let H be spectrally similar to Hy with functions ¢ and v and z ¢ &p;.
Then

® R(z) € p(Hy) if and only if z € p(H).

® R(z) is an eigenvalue of Hy if and only if z is an eigenvalue of H.
Moreover, there is a one-to-one map

forr fi=fo-(I-Q) ' X fo (9)

from the eigenspace of Hy corresponding to R(z) onto the
eigenspace of H corresponding to z.

3L. Malozemov and A. Teplyaev. Self-similarity, operators and dynamics. Math.
Phys. Anal. Geom., 6(3):201-218, 2003.
VRS G Bl



Schur complement of centrosymmetric Jacobi matrices

Theorem 4 implies that a centrosymmetric Jacobi matrix is spectral
similar to the trivial probabilistic graph Laplacian Ag wrt.

H?:Ol a(Z)

Py (2)
Ry (2)=1- z2) = — .
Jcs( ) (chs( ) Prg_l(z)

H?:Ol a(i)’

In particular, ¢y (z) # 0 for all z.
The block form (2) of J.s shows that Qo = J2.

Hence, the exceptional set &}, , = a( o )

A. Teplyaev (UCONN) March 18, 2022 24 /61



Spectral similarity between J and A,

* Recall, we started with a centrosymmetric Jacobi matrix J.s (or
equivalently G.s) and with a probabilistic graph Laplcian Ay (or
equivalently Gp).

* We construct a new graph G = (V(G), E(G)) by substituting copies
of G5 between adjacent vertices in G,

® The weight matrix of G is given by J = Fi,(Ap, Jc).

J = Fg,(Ap,Jes) is spectrally similar to Ay, with the same functions as in
the previous slide, i.e. associated spectral decimation function and
exceptional set coincide with Ry, (z) and &), respectively.

A. Teplyaev (UCONN) March 18, 2022 25 /61



Proof idea

® Schur complement is preserved under the substitution operator Fg,,
in the sense

FGP(AP, Schurg(agcs)(Jcs)) = Schurg(v(gp))(J).
e Simple properties of the substitution operator imply
Sehuryy (c,))(9) = 61..(2) Fa,(Ap, Ra., (2)I - Ao)
= 61.,(2) (R (2) Fo, (Ap, 1) - Fo, (Ap, M) )
= 61, (2)( Ry ()] - Ap).
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Remarks

For the proof, we assumed:

©® There exists a Hilbert space of C-valued functions on V(G),), which
we denote by EQ(Gp,dwp), such that the probabilistic graph Laplacian
Ap is bounded and self-adjoint.

@® There exists a Hilbert space of C-valued functions on V(G), which
we denote by £*(G, dry), such that J is bounded and self-adjoint.

© There exists an isometry U : £2(G,, dm,) — £*(G,dny).

We constructed such Hilbert spaces in the one-dimensional path graphs
case. The key idea is to equip the set of vertices V(G,,) and V(G) with a
measure satisfying a Kolmogorov's cycle type condition.

A. Teplyaev (UCONN) March 18, 2022 27 /61



on graphs

Summary

Theorem

The following statements hold:

(1) Ry (0(Ap)\{0,2}) co(J) c R} (o(Ap) u{0,2}).

(2) The resolvent operators satisfy the following renormalization identity

_ PP _(2) _
1 no—1 1
U (21 -3) U =22 (R) (2)I-A
( ) Hz‘:ol a(z) ( P)
for z € p(d) and z ¢ &,, = o(IL).

(3) Polynomial Ry, gives an isomorphism of the types of the spectral

measures of the operators J and Ay, outside of the finite exceptional
set R]cls ({0,2}).

A. Teplyaev (UCONN)
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The one-dimensional path graphs case

One-dimensional path graphs

® Ay defined by the transition probabilities py,

|

1-pr+
* The substitution operator J = F, (Ap, Jcs)

a(ng) a(l) a(no)

o) a(1> a(no) “<"°> o(1) a(1)

C‘ (k +1)th copy of Ges

a(ng) a(l) a(ng)
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The one-dimensional path graphs case

Self-adjointness

® Ay is a bounded self-adjoint operator acting on

C(Gpdmy)={1:V(G) »C | ¥ |f@)Pm(e)<oof,
zeV (Gp)
(fag>p: Z f(m)g(w)ﬂ'p(x)a

zeV (Gp)

where the set of vertices V(G),) is equipped with the following
measures satisfying the Kolmogorov's cycle condition

m(0) = 1, Wp(k‘no)=7rp((k—1)n0)%, kng € V(Gp)\{0}.
(10)

® The same is done for J.
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Spectrum of J

Assume G, is a finite path graph. Then

o(4) = (B3, (0(2p))\{0,2}) U (Jes )

A. Teplyaev (UCONN) March 18, 2022 32/61



The one-dimensional path graphs case

Multi-parameter family of self-similar probabilistic
Laplacians

® A key observation: centrosymmetric probabilistic Laplacians are
invariant under the substitution operator in the sense that if
Ap,,Ap, €CST with Ay, € Lg, then Fg, (Ap,,Ap,) €CST N Lg.

Let Ag) €CSJ nLg, be given. We define the sequence {Ag)}geN cCST
inductively by AY = F (ALY, AL for £2 1. We refer to {AY} ey
as a sequence of self-similar probabilistic Laplacians.

A. Teplyaev (UCONN) March 18, 2022 33/61



Chebyshev polynomial

* We initialize AL in the sequence ALY = FGP(AS),AE,Z))

1 -1 01 0

- 1 0
Y P

. 1

3

0 0 0o -1 1

® The corresponding spectral decimation function can be derived from a
Chebyshev polynomial, i.e.

R, () (2) = 1= (-1)"Cheby,(z - 1)
P

A. Teplyaev (UCONN) March 18, 2022 34 /61



The one-dimensional path graphs case

One-parameter family of Laplacians

* We initialize Al(:,l) in the sequence Al(fﬂ) = FGP(Al(,l),Ag))

1 -1 0 O 0
p-1 1 -p O 0
1
1 -—— 0
2
0O -p 1 p-1
0 0 -1 1

1
Al =1 o -5
0
0
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The one-dimensional path graphs case

Spectrum

(1-vVp,2) 1+/p,2)
20] —mmefeeeo . ~/___\N____

.2)
15

1.0

RA;JI)

0.5 4

[ B S e e L e .

0.0 0.5 1.0 15 2.0
Spectrum

Figure: The spectral decimation function corresponding to the probabilistic

Laplacians from the last slide. (It reduces to the Chebyshev polynomial case when
1

p=3)
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Spectrum for different p

0.8

0.6

0.4

0.2

0.0

0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00
Spectrum

Figure: The spectrum of Ag) for £ = 6 (x-axis) is plotted for p € (0,1) (y-axis)..
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The one-dimensional path graphs case

Two-parameter family of Laplacians

* We initialize AS) in the sequence Agﬂ) = FGP(AI(Dl),Ag))

1 -1 0 0 0 0
p1—1 1 -p1 O 0 0
0 po=1 1 —py 0O 0

0 0 -po 1 pa-1 0
0 0 0 -m 1 p1-1
0 0 0 0 -1 1
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Spectrum for different po, fix p; = 1/2 (top), p1 =1/3
(bottom)

Figure: The spectrum of Ag) for £ =5 is plotted on the x-axis for py € (0,1)
(y-axis), while p; is fixed
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Applications to almost Mathieu-type operators

Self-similar p Laplacians on the half-integer lattice

* Let pe(0,1), for each = € Z,\{0}, we define m(x) to be the largest
natural number m such that 3" divides .

* For f e {(Z,) we define a self-similar Laplacian A, by,

f@)-(A-p)f(z-1)-pf(z+1),
(A f)(x)={ f3™@r=1  (mod 3)

f(@)-pf(z-1)-(1-p)f(z+1),
if 3@z =2 (mod 3)
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Applications to almost Mathieu-type operators

Spectra of the self-similar p Laplacians

® The spectrum o(A,) is the Julia set J(Ra,) of a polynomial Ra,.

1
® Forp= 5 we have J(Ra, ) = [0,2] and the spectrum is absolutely
continuous. ’

1
® Forp+ 3 the Julia set J(Ra,) is a Cantor set of Lebesgue measure

zero and the spectrum is purely singularly continuous.
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Applications to almost Mathieu-type operators

Self-similar almost Mathieu operators

e |ntuitively said: Substituting periodic potential in the self-similar
p-Laplacian gives a self-similar almost Mathieu operator

1
° p= 3 coincide up to a multiplicative constant with the standard
one-dimensional almost Mathieu operators.
° Let fel(Zy), aeR, 0e[0,21) and 3 € R. We define

Beos (6)£(0) - F(1), =0,

Beos(2razx+0)f(x)—plz,z-1)f(z-1)-p(z,z+1)f(z+1),
Hp,ﬂ,a,e f(x) = p(:m.r— 1) =1 -b p(m,m + 1) =D if 3—m(m)$ =1 (I’IlOd 3)

Beos 2raz+0)f(x)-plx,z-1)f(z-1)—p(z,z+ 1) f(z+1),
plz,x-1)=p, p(z,z+1))=1-p, if 3™z =2 (mod 3).
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Applications to almost Mathieu-type operators

Self-similar almost Mathieu operators as substitution
operators

Let pe (0,1), BeR and n > 1 be fixed. WesetG:O,a:?)ﬁn, for

ke{l,...,3" = 1}. There exists a polynomial R, 5 % o of order 3" such
b b Sn b
that,

o(Hyp40) = Bl 1 o(o(A0)):

. . . 1
Moreover, Hp 8.2 0 has purely singularly continuous spectrum if p 3
9. b 3n b
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Hofstadter butterfly

Alpha a

-20 -15 -1.0 -05 00 05 10 15 20 -2.0 -15 -1.0 -05 00 05 10 15 20
Spectrum Spectrum

Figure: The left panel of the figure shows a Hofstadter butterfly for a self-similar
1 . .
almost Mathieu operator corresponding to —-Laplacian whose spectrum is a

Cantor set. For comparison, the (classical) Hofstadter butterfly corresponding to
the standard AMO is shown in right panel.
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Applications to almost Mathieu-type operators

Numerical results for irrational «

Spectrum

Spectrum

Figure: The spectrum of Hy, 5., ¢ is plotted (z-axis) for the fixed parameters
5-1
\/_2 and 6 = 0 while varying 3 € [0, 3] (y-axis). The parameter p is equal

1 1
to 3 for the left- and equal to 3 for the right-panel. Both panels depict examples
corresponding to an irrational «.
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Spectral gaps

1 s
For p # 3 the spectrum a( Hpﬁ & 0) has infinitely many spectral
gaps. ’
® We can generate the spectral gaps iteratively using the spectral
decimation function Rpﬂ e
bl 1377/7

0 =0.

1 1
We illustrate these ideas with the example p = 3 6=1 a= 3
Pno( )

pa(i)’

compute the spectral decimation functlon for the example,

we use it and

Recall the general formula Ry, (z) =1 -

R;,L;,o(z)— "% % (11)

A. Teplyaev (UCONN) March 18, 2022 47 /61



Spectral gaps

* Implications of a( Hp,B,%n,O) = R;,lﬂ,:;in,o(g(Ap))
* Note that O'(A%) c [0,2].

® Hence,
z € 0( H%,l,%,o) = R%’L%’O(z) € [0,2],
or equivalently
R%’L%’O(z) ¢[0,2] = ze€ p(H%J’%’O).

where p(H) is the resolvent set of H.

® [terating the argument, see next two slides.
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Spectral gaps

3 e O A
o
=
&
14
i
=
53
0 e N\ e
0.0 0.5 1.0 15
1.00
o
o 0.75 gap: /
= v
~ 0.501 X
=2 gapi1
S ]
= 025
0.00
-1.0 -0.5 0.0 0.5 1.0 15

Spectrum
Figure: (Top) The spectral decimation function Ry, (Bottom) The

integrated density of states Ngl) . . The dashed cutoff lines and spectral

3,1,3,0
decimation function are used to locate the spectral gaps, which coincide with the

indicated plateaus of the integrated density of states.
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Spectral gaps

2
LT . NS PP
Q| e N
=
a1
R [ A N
S
€ | A N
0
05 1.0 15
1.00 { o
- T— /
< 0751 gaps T
I N — a
0.50
i gaps gaps gaps
=g
ST o02s{ ¥
0.00 gapa
-10 -05 0.0 05 10 15

Spectrum

Figure: (Top) The spectral decimation function Ry 41 is plotted. (Bottom)

0]
3.1,3.0
decimation function are used to locate the spectral gaps, which coincide with the

indicated plateaus of the integrated density of states.

The integrated density of states N . The cutoff lines and spectral
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Integrated density of states

* A, is approximated by finite graph probabilistic Laplacians {Az(,l)}l.

® The density of states of A;,l) is given by (sum of Dirac measures)

) =g X 6@ (12)

rea (A1)

® The normalized eigenvalue counting function of AI(,Z) is then given by
N{D (@) = vp((=00,2]).
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: ()
Integrated density of states N, (z)

10 1.0
0.8 0.8
0.6 0.6
S S
[SE S
0.4 0.4
0.2 0.2
0.0 0.0
-1.00 -0.75 —-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
Spectrum Spectrum

1
Figure: (Left) p= 5 i.e., standard probabilistic graph Laplacian with

1
o(A1)= [0,2]. (Right) p= 3 i.e., a self-similar graph Laplacian where o(A1) is
a cantor set.
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Integrated density of states

® The spectrum o(A,) is the Julia set J(Ra,) of a polynomial Ra,.

1
® Forp= 5 we have J(Ra, ) = [0,2] and the spectrum is absolutely
continuous. ’

1 _ .
® Forp#+ 7 the Julia set J(Ra,) is a Cantor set of Lebesgue measure
zero and the spectrum is purely singularly continuous.

Proposition

The sequence of density of states {v,}en converges weakly to the
balanced invariant measure v, of the Julia set J(Ra,,).
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Integrated density of states

® Recall R_, & , is a polynomial of order 3".
p15>3_n’0

o Let S1,S5,...,S3n be the 3" branches of the inverse R~%

p71873_nvo-
® We define the following measure
1 &
Voo o(E) = o Zl [a oy B (S)p(d) (13)

where x g is the characteristic function of the set F, i.e.

0 ifex¢E

XE(x):{1 ifrel

and E c R (v,-measurable).
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Integrated density of states

Theorem

Let SUPP(Vp,B,SLn,o) denotes the support of Yy Bk 0 Then
supp(yp Bk 0) = a( Hp 5.k o ) The sequence of density of states
b 73” b 9. 7377. b

(0 :
{pr 8k ’O}leN converges weakly to Vp,8, 20" Moreover, the following

identity holds

Jow,

for f € Cy(C), i.e. f is a continuous bounded function on C.

1 &
@ od) =3 [ HS@ld)  (19)

B,
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Integrated density of states

1
Let E c 0(Ay), then Vp’B’San(Sj(E)) = 3_nVP(E)'

* On each range of the 3" branches S;(A,), we have a copy of the

density of states v, rescaled by 30
1

1
e See next two slides for n =2, i.e. 9 copies for p = 3 and p = 3
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Integrated density of states

1.0
056
0.8 0.54
052
°
ﬁo‘; 0.6 "E"
¢ e
@:; @ 5 0.50
= o4 =4
048
0.2 0.46
0.44
00
-15 -1.0 -0.5 0.0 0.5 1.0 1.5 -0.02 0.00 0.02 0.04 0.06 0.08 0.10 0.12
Spectrum Spectrum

Figure: (Left) Numerical computation of the integrated density of states for

1 1
H]()l,)ﬁ,a,e' The computations are done for level [ =8,p = 5,,8 =l,a= §,9 =0.
(Right) A resized version of the box in the left-hand side figure is displayed. It

1
shows a copy of p-Laplacian IDS rescaled by g
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Integrated density of states
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Figure: (Left) Numerical computation of the integrated density of states for

1
H;lim - The computations are done for level [ =8,p = gﬁ =l,a= §,0 =0.
(Right) A resized version of the box in the left-hand side figure is displayed. It

1
shows a copy of p-Laplacian IDS rescaled 3
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Gap labeling

Let p(A,) be the resolvent set of A,.

We define the set of spectral gap labels of A, by

9L (D) = {Ny(a) | 2 € p(A,) R).

It is not difficult to see that gf(A%) ={0,1}.

1
For p # 2’ we have

%.Z(A,,):{% ‘ i €N, je{o,l,...,?f'}}.

A. Teplyaev (UCONN) March 18, 2022 59 /61



Applications to almost Mathieu-type operators

Gap labeling

We define the set of spectral gap labels of Hpﬁ & Similarly and denote it
b ’371,7
by 9L (H, 5 & o)

Corollary (Gap labeling)

The set of spectral gap labels of Hp 8,k 0 is given by
bl 7377, )

1 , "
GL(H, 5 ko) c {Ln + 9L (D) | 5e{0,1,...,3" - 1}}.
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Thank you!
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