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Talk Roadmap

Setting the Stage   The central question: are topology and entanglement fundamentally linked?

Symbol & Topological Defects in Graphene   The Weyl symbol H(k,r), defect dimension D, graphene vacancies, index theorem

Two Qubits Go Topological   Cartan decomposition, Z₅ phases, Bell-state zero modes

Topological Sum Rule   Geometric phases, SWAP vs 3-CNOT, noise measurement

The Unified Picture   One framework connecting defects, qubits, and quantum gates

Orion & Akkermans  ·  Technion 2



Two Apparently Unrelated Questions

?
Can a crystal defect be topological?

ACT I  →  Graphene vacancies and the Weyl symbol operator

?
Is quantum entanglement a topological property?

ACT II  →  Two-qubit Hilbert space and Cartan decomposition

Answer: YES to both — and they are connected by the same mathematics.
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The Common Thread: Cartan’s Tenfold Classification

Θ,Π
Antiunitary symmetries

Time reversal Θ and particle-hole Π classify all Hamiltonians into 10 
classes

ν
Topological integers

Winding numbers and Chern numbers label disconnected phases

H(k,r)

Symbol operator

Generalises Bloch Hamiltonians to non-periodic (defect) systems

Z₅
Finite-system topology

Five topological phases in a 4-dimensional two-qubit Hilbert space

Opening 4



Topological features : 
a general perspective 

Speaking of topology requires a clear framework
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= integer numbers

Classifies “objects” by assigning a single integer to each topological family
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Wigner-Dyson classification (d=0).

Schur’s Lemma: U U e 1T T
i* = g (due to the unitarity of that

matrix the multiple must be a phase). Considering the matrix
product U U U U U U U U UT T T T T T T T T( ) ( )* * *= = , we obtain
from the last equality U Ue eT T

i i=g g- which implies e 1i = og ,
and thus U U 1T T* = o .

We therefore conclude that there are three ways a
Hamiltonian H can respond to time-reversal symmetry. Let us
denote these three possibilities by T 0, 1, 1= + - :
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1, when the Hamiltonian is time
reversal invariant and 1
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We end by noting that in the case where T 12 = - , we have

A
2 2ˆ ˆ ˆ, ,y =

-
1 A( )ŷ- , and A

2 2ˆ ˆ ˆ†
, ,y =

-
1 A( ) ˆ †
y- . Since a state

with a number of q fermions is created from the Fock space
vacuum by applying q Fermion creation operators, we see that

when T 12 = - , the second quantized time-reversal operator
squares to the fermion parity operator,

1 1 , 14F Q2ˆ ( ) ( ) ( )ˆ ˆ, = - = -

where Q
A A A

ˆ ˆ ˆ†
å y y= is the particle number operator. On the

other hand, 1
2,̂ = when T 12 = .

Charge-conjugation (particle–hole) symmetry: There
turns out to be a similar way of classifying the behavior of
the first quantitzed Hamiltonian H under charge-conjugation
(particle–hole) symmetry. It is most convenient to first recall
the definition of the second quantized operator �̂ which
implements charge-conjugation (particle–hole) symmetry on
the fermion Fock space:

U U; ;

i i unitarity ,

15

A
B

C A B B A
B

B C B A

1

,

1

,

1

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ( )
( )

† † †* *� � � �

, ,

å åy y y y= =

=+

- -

-

Figure 1. The ‘ten-fold way’. Listed are the ten generic symmetry classes of first quantized Hamiltonians. This is a complete list of
Hamiltonians which possess no unitarily realized symmetries. As reviewed in the text, the different symmetry classes can be characterized by
their different behaviors of the first quantized Hamiltonian under time-reversal (T), charge-conjugation (C), and chiral symmetry
(S T C·= ). The column ‘name (Cartan)’ lists the name given to the symmetric space appearing in the column ‘time evolution operator’ by
Élie Cartan in his classification scheme of symmetric spaces. The column ‘Anderson localization NLSM manifold G/H’ lists the (compact
sectors of the) target space of the non-linear sigma model describing Anderson localization physics in the corresponding symmetry class.

6

Phys. Scr. T168 (2016) 014001 A W W Ludwig

Remaining symmetries of a random Hamiltonian once  
all unitary symmetries have been exhausted (Anderson localisation).

Magnetic Field/Aharonov-Bohm magnetic flux

Time reversal symmetry T

Time reversal in the presence of spin-orbit
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Phys. Scr. T168 (2016) 014001 A W W Ludwig
Altland & Zirnbauer (1997) : Extend the Wigner-Dyson  

classification (d=0).

Time reversal symmetry (T) 
Particle-Hole symmetry (C) 
Their product S =T C (chiral 
symmetry)

Anti-unitary symmetries !

Elegant mathematical structure inherited  
from Cartan classification.
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Topology in Crystals – band topology

6

SSH (conducting polymers)

A crystal having both “Time reversal” and “Particle-Hole” in d=1 is topological

Reading the tenfold table 
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The Symbol and Topological Defects

Goft, Abulafia, Orion, Schochet & Akkermans  ·  Phys. Rev. B 108, 054101 (2023)

• The Weyl symbol H(k,r): topology without translation symmetry 
• Defect dimension D navigates the tenfold classification table 
• Atiyah-Singer index theorem and protected zero modes



The Problem with Bloch Hamiltonians

Bloch’s theorem works beautifully when translation symmetry holds: 
H(k) encodes band topology in the Brillouin zone. But...

H(k) → band topology in the Brillouin zone

A defect — vacancy, adatom, Kekule distortion — breaks translation 
symmetry. 
  
Naive classification: graphene ∈ BDI class, d = 2 → no Z-topology.  
  
This conclusion is wrong. Understanding why is the entry point.

Graphene honeycomb

vacancy (k not good q. n.)

Naive tenfold: 
BDI, d=2 → No topology??

Defects ?
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that combine superconductivity, magnetism, and strong spin-
orbit interactions.49–52 Recently, we showed that the exis-
tence of a Majorana bound state at a point defect in a three
dimensional Bogoliubov de Gennes theory is related to a Z2
topological invariant that characterizes a family of Bogoliu-
bov de Gennes Hamiltonians HBdG!k ,r" defined for r on a
surface surrounding the defect.53 This suggests that a more
general formulation of topological defects and their corre-
sponding gapless modes should be possible.

In this paper we develop a general theory of topological
defects and their associated gapless modes in Bloch and
Bloch-BdG theories in all symmetry classes. As in Ref. 53,
we assume that far away from the defect the Hamiltonian
varies slowly in real space, allowing us to consider adiabatic
changes in the Hamiltonian as a function of the real space
position r. We thus seek to classify Hamiltonians H!k ,r",
where k is defined in a d-dimensional Brillouin zone !a torus
Td", and r is defined on a D-dimensional surface SD sur-
rounding the defect. A similar approach can be used to clas-
sify cyclic temporal variations in the Hamiltonian, which de-
fine adiabatic pumping cycles. Hereafter we will drop the
BdG subscript on the Hamiltonian with the understanding
that the symmetry class dictates whether it is a Bloch or BdG
Hamiltonian.

In Fig. 1 we illustrate the types of topological defects that
can occur in d=1, 2, or 3. For D=0 we regard S0 as two
points !#−1,+1$". Our topological classification then classi-
fies the difference of H!k ,+1" and H!k ,−1". A nontrivial
difference corresponds to an interface between two topologi-
cally distinct phases. For D=1 the one parameter families of
Hamiltonians describe line defects in d=3 and point defects
in d=2. For d=1 it could correspond to an adiabatic tempo-
ral cycle H!k , t". Similarly for D=2, the two parameter fam-
ily describes a point defect for d=3 or an adiabatic cycle for
a point defects in d=2.

Classifying the D parameter families of d-dimensional
Bloch-BdG Hamiltonians subject to symmetries leads to a
generalization of the periodic table discussed above. The
original table corresponds to D=0. For D!0 we find that for
a given symmetry class the topological classification !Z, Z2,
or 0" depends only on

" = d − D . !1.1"

Thus, all line defects with "=2 have the same topological
classification, irrespective of d, as do point defects with "
=1 and pumping cycles with "=0. Though the classifications
depend only on ", the formulas for the topological invariants
depend on both d and D.

This topological classification of H!k ,r" suggests a gen-
eralization of the bulk-boundary correspondence that relates
the topological class of the Hamiltonian characterizing the
defect to the structure of the protected modes associated with
the defect. This has a structure reminiscent of a mathematical
index theorem54 that relates a topological index to an analyti-
cal index that counts the number of zero modes.41,45,46,55–59

In this paper we will not attempt to prove the index theorem.
Rather, we will observe that the topological classes for
H!k ,r" coincide with the expected classes of gapless defect
modes. In this regards the dependence of the classification on
" in Eq. !1.1" is to be expected. For example, a point defect
at the end of a one-dimensional system !"=1−0" has the
same classification as a point defects in two dimensions !"
=2−1" and three dimensions !"=3−2".

We will begin in Sec. II by describing the generalized
periodic table. We will start with a review of the Altland
Zirnbauer symmetry classes44 and a summary of the proper-
ties of the table. In Appendix A we will justify this generali-
zation of the table by introducing a set of mathematical map-
pings that relate Hamiltonians in different dimensions and
different symmetry classes. In addition to establishing that
the classifications depend only on "=d−D, these mappings
allow other features of the table, already present for D=0 to
be easily understood, such as the pattern in which the clas-
sifications vary as a function of symmetry class as well as the
Bott periodicity of the classes as a function of d.

In Secs. III and IV we will outline the physical conse-
quences of this theory by discussing a number of examples
of line and point defects in different symmetry classes and
dimensions. The simplest example is that of a line defect in a
3D system with no symmetries. In Sec. III A we will show
that the presence of a 1D chiral Dirac fermion mode !analo-
gous to an integer quantum-Hall edge state" on the defect is
associated with an integer topological invariant that may be
interpreted as the winding number of the “#” term that char-
acterizes the magnetoelectric polarizability.10 This descrip-
tion unifies a number of methods for “engineering” chiral
Dirac fermions, which will be described in several illustra-
tive examples.

Related topological invariants and illustrative examples
will be presented in Secs. III B–III E for line defects in other
symmetry classes that are associated with gapless 1D helical
Dirac fermions, 1D chiral Majorana fermions, and 1D helical
Majorana fermions. In Sec. IV we will consider point defects
in 1D models with chiral symmetry such as the Jackiw-Rebbi
model45 or the Su, Schrieffer, Heeger model,47 and in super-
conductors without chiral symmetry that exhibit Majorana
bound states or Majorana doublets. These will also be related
to the early work of Jackiw and Rossi46 on Majorana modes
at point defects in a model with chiral symmetry.

t

t

d=1 d=2 d=3

D=0

D=1

D=2

FIG. 1. !Color online" Topological defects characterized by a D
parameter family of d-dimensional Bloch-BdG Hamiltonians. Line
defects correspond to d−D=2 while point defects correspond to d
−D=1. Temporal cycles for point defects correspond to d−D=0.

JEFFREY C. Y. TEO AND C. L. KANE PHYSICAL REVIEW B 82, 115120 !2010"

115120-2

Spatial 
dimension

Defect 
dimension

𝜹 = 𝑑 − 𝐷

Dimension of sphere 
enclosing the defect

Teo and Kane (2010)

Symbol in Tenfold Classification with Defects

Spatial 
dimension

Defect 
dimension

𝜹 = 𝑑 − 𝐷

Dimension of sphere 
enclosing the defect

Teo and Kane (2010)

Symbol in Tenfold Classification with Defects

Spatial 
dimension

Defect 
dimension

𝜹 = 𝑑 − 𝐷

Dimension of sphere 
enclosing the defect

Teo and Kane (2010)

Tenfold Classification with Defects

𝐷 = 1

Defects in topological crystals  

Spatial 
dimension

Defect 
dimension

𝜹 = 𝑑 − 𝐷

Dimension of sphere 
enclosing the defect

Teo and Kane (2010)

Tenfold Classification with Defects

𝐷 = 1



The Cartan Classification

4

Complete classification of Lie groups

Two anti-unitary symmetries:
“Time reversal” “Particle-Hole"&

Background
The Cartan Classification

4

Complete classification of Lie groups

Two anti-unitary symmetries:
“Time reversal” “Particle-Hole"&

Topology in Crystals 

5

For translation 
invariance/crystals 

Quantum 
transport

IQHE
Berry curvature / 

phase

Protected 
edge states
Majorana modes

Quantum 
computing

Cartan Tenfold classificationTopology in Crystals 

4

For translation 
invariance/crystals 

Complete 
classification of 
Band Topology

Te
nf

ol
d:

 1
0 

cla
ss

es

d: space dimension

The Cartan Classification

4

Complete classification of Lie groups

Two anti-unitary symmetries:
“Time reversal” “Particle-Hole"& Anti-unitary 

operators
𝑑
𝜹
𝑑

Teo and Kane (2010)

Tenfold Classification with Defects

𝜹
Homotopy groups of 

classifying spaces 

Defects in topological crystals  

Spatial 
dimension

Defect 
dimension

𝜹 = 𝑑 − 𝐷

Dimension of sphere 
enclosing the defect

Teo and Kane (2010)

Tenfold Classification with Defects

𝐷 = 1



Topology in Crystals 

4

For translation 
invariance/crystals 

Complete 
classification of 
Band Topology

Our first goal: a shift of paradigm

8

To navigate across the tenfold classification

TOPAZ aims to design topological materials on demand 
using local modifications of non topological materials.

Our first goal: a shift of paradigm

8

To navigate across the tenfold classification

TOPAZ aims to design topological materials on demand 
using local modifications of non topological materials.

Defects in topological crystals:  
Creating Quantum Matter  



Topology in Crystals 

4

For translation 
invariance/crystals 

Complete 
classification of 
Band Topology

Our first goal: a shift of paradigm

8

To navigate across the tenfold classification

TOPAZ aims to design topological materials on demand 
using local modifications of non topological materials.

Our first goal: a shift of paradigm

9

TOPAZ aims to design topological materials on demand 
using local modifications of non topological materials.

Kekule textures

Lacunar Graphene 

Dig a hole in graphene makes it topological!
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The Common Thread: Cartan’s Tenfold Classification

Θ,Π
Antiunitary symmetries

Time reversal Θ and particle-hole Π classify all Hamiltonians into 10 
classes

ν
Topological integers

Winding numbers and Chern numbers label disconnected phases

H(k,r)

Symbol operator

Generalises Bloch Hamiltonians to non-periodic (defect) systems

Z₅
Finite-system topology

Five topological phases in a 4-dimensional two-qubit Hilbert space

Opening 4
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Relating the tenfold classification of insulators and superconductors to Landau theory

Amit Goft1 and Eric Akkermans1

1
Department of Physics, Technion – Israel Institute of Technology, Haifa 3200003, Israel

(Dated: October 3, 2024)

Topology in physics and specifically in condensed matter physics has become a hot topic in the
recent past. For example, topology plays a significant role in constructing quantum hall states. In
some instances, the presence of topology is conditioned on the presence of stable defects, such as
vortices in superconductors or hedgehogs in 3

He. A natural question then arises: ”How can we
identify topological defects that would turn a non-topological material into a topological one?” We
present two approaches that tackle this question and aim to classify topological defects. The first one
uses Bloch Hamiltonians and band theory, in the framework of the tenfold classification of insulators
and superconductors, and the second uses an order parameter in the framework of Landau theory in
the realm of thermodynamic phase transitions. We conjecture, that these two classification schemes
are in fact equivalent and derive an exact relation between them. Furthermore, we demonstrate
that the notion of band theory in the tenfold classification is misleading and unnecessary to derive
all topological properties of the material. Finally, we use our results to provide a physical derivation
of Bott periodicity.

The tenfold classification of insulators and supercon-
ductors has its roots in Cartan’s classification of sym-
metric spaces [1]. The connection between Cartan’s
classification and condensed matter physics was ini-
tially grasped through a K-theory analysis and homotopy
groups related to classifying spaces [2, 3]. These homo-
topy groups, showcasing Bott periodicity, are given by

fid (Rs) = 0,Z,Z2, 2Z (1)

fi?(S?) (2)

and produce the periodic table of the tenfold classifi-
cation. Here d is the system’s dimension and s is the
symmetry class. In this original work and many related
works that develop the tenfold classification [4–6] there
is a strong requirement that the system possesses trans-
lation invariance. Essentially, the construction of the
tenfold classification uses the notion of band theory and
Bloch Hamiltonians. Furthermore, it is understood that
the topological invariants of the system are related to
the Atiyah-Singer index theorem [7, 8]. The topological
invariants obtained from the Bloch Hamiltonian are re-
lated to topologically protected edge states when such an
edge is introduced. The idea is that far from the edge,
the bulk of the system can be thought of as infinite and
posses translation invariance such that the topological
invariant given by the Bloch Hamiltonian is well defined.
The tenfold classification table was expanded to account
for defects [9] by substituting the physical dimension, d,
with the codimension ” = d ≠ D. Here, D represents
the dimension of a sphere enclosing the defect. The con-
struction of the tenfold classification remains the same
by replacing d with ”. While it seems like here the no-
tion of translation invariance was forsaken, it was done
in a very controlled way. The defect was introduced as

a slow varying modulation, such that far away from the
defect location translation invariance was assumed to be
restored with the notion of a ”defect Hamiltonian” that
still preserved a band structure that was now position
dependent. Bott periodicity is understood as a strictly
mathematical concept with very little physical intuition.
We propose an alternative approach to derive the tenfold
classification that shed light on the physical meaning be-
hind Bott periodicity.

This approach that classifies topological defects is
done in the framework of thermodynamic phase tran-
sitions. Most phase transitions exhibit distinctive pat-
terns through an order parameter’s behavior. Within the
realm of thermodynamics, these transitions bring about
a spontaneous symmetry breaking, resulting in an order
parameter that does not nullify below a specific critical
temperature, whose dimension is determined by the bro-
ken symmetry. Certain anomalies within the system can
give rise to supplementary shifts in the order parameter.
This occurrence is denoted as a topological phase transi-
tion, with the anomaly being referred to as a topological
defect [10–13]. An instance of this is exemplified by a su-
perconductor, where the broken symmetry is U(1), such
that the order parameter is two dimensional and corre-
lates with the quantity of vortices (which are essentially
topological line defects) embedded within it. Distinct
types of topological defects can be discerned by the man-
ner in which the order parameter wraps around them, a
classification more commonly recognized as a homotopy
group.

The formulation of this homotopy group classification
can be articulated as follows [10]: envisage a system ex-
isting in d dimensions, characterized by an order param-
eter of n dimensions. In such a scenario, one may inquire
about the conceivable topological defects inherent to this
system. To decipher this, picture a closed curve (or, in a
broader sense, a closed spherical region) within physical

Mapping between spheres
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The Symbol H(k,r): The Right Object

The Wigner/Weyl symbol generalises the Bloch Hamiltonian to non-periodic systems.
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Topology Lives in the Symbol, Not in the Hamiltonian

Hamiltonian 

Naive: cannot apply 
tenfold classification

✗  No spectral gap

→

Symbol 

✓  Spectral gap exists

Topology is encoded in the symbol, not the Hamiltonian. This distinction is invisible when translation symmetry holds.

Class s T P C ” = 0 1 2 3 4 5 6 7
A 0 0 0 0 Z 0 Z 0 Z 0 Z 0

AIII 1 0 0 1 0 Z 0 Z 0 Z 0 Z

AI 0 + 0 0 Z 0 0 0 2Z 0 Z2 Z2
BDI 1 + + 1 Z2 Z 0 0 0 2Z 0 Z2
D 2 0 + 0 Z2 Z2 Z 0 0 0 2Z 0

DIII 3 – + 1 0 Z2 Z2 Z 0 0 0 2Z
AII 4 – 0 0 2Z 0 Z2 Z2 Z 0 0 0
CII 5 – – 1 0 2Z 0 Z2 Z2 Z 0 0
C 6 0 – 0 0 0 2Z 0 Z2 Z2 Z 0
CI 7 + – 1 0 0 0 2Z 0 Z2 Z2 Z

Table 1. Tenfold classification. The first five columns display the 10 symmetry classes labeled by s and defined by
their antiunitary symmetries T,P and chirality C. “+" (“≠") means that the relevant operator is a symmetry which
squares to 1 (≠1) and “0” the absence thereof. The last 8 columns indicate possible topological classes (0,Z,Z2) as
a function of the reduced dimension ” = d≠D.

The tenfold classification and quantum graphs

We start by considering Hamiltonians H(N,d,s) of a QG with N vertices. Among equivalent representations we
choose the tight-binding (TB) description, user friendly and easily interfacing with condensed matter systems. A
general TB model for a QG is the Bogoliubov-de Gennes (BdG) Hamiltonian,

H =
ÿ

i,j

tijc
†

i
cj +�c

†

i
c

†

j
+�†

cicj (1)

where ci(c†

i
) are fermionic operators, cic

†

j
+ c

†

j
ci = ”ij , at site i of a d-dimensional lattice. The hermitian hopping

matrix t can be random, and the matrix � accounts for anomalous coupling e.g. superconductivity. A normal metal
or insulator has � = 0 and U(1) gauge symmetry for particle conservation. If U(1) is broken, then � = 0. Spin
variable is not explicitly considered but can be added. The continuous description of a QG is restored from the TB
Hamiltonian in the low energy limit, meaning one can diagonalize the TB Hamiltonian and expand the spectrum
around low energy to achieve an equivalent continuous description. Hamiltonians H(N,d,s) in (1) are classified
using two anti-unitary symmetries S © T,P , which comes in three flavors: either it is absent, S = 0, or present
with S

2 = ±1. A third, chiral symmetry C, is the product C = PT . It is unitary but anti-commuting with the
Hamiltonian (1). Chiral symmetry exists when both P and T are present except for the case P = T = 0, so that
ten possible symmetry classes (T,P,C) exist which are labeled by the index s. It is worth noting that while the
10 (T,P,C) classes exhaust all possible Hamiltonians (1), it is not always that T or P correspond to the physical
symmetries of a given model. They can be indeed modified by additional symmetries such as U(1) or spin SU(2).

The geometric nature of the lattice is an important piece of information. It encodes the degrees of freedom in
the system, e.g., spin, atoms in the unit cell, orbitals, valleys. In the simplest case, the only degrees of freedom are
within a unit cell. Assuming they are all binary degrees freedom (taking only two values), one can write N = Ñ2�H ,
where �H is the number of degrees of freedom and Ñ the number of unit cells. In more complex scenarios, such
as when coupling between valleys is present this formula no longer holds. The degrees of freedom are encoded
within the Hamiltonian however in many cases they are di�cult to extract. This applies for infinite as well as
finite graphs. For (infinite) periodic lattices, this information is encoded in the Bravais lattice so that N rewrites
N = Ñ �H where �H is the number of degrees of freedom, e.g., spin, atoms in the unit cell, orbitals, valleys, and
Ñ the number of unit cells. This applies as well to finite graphs.

Symbol operator

The tenfold classification of Bravais lattices relies on translation symmetry, the use of Bloch theorem and the
corresponding Brillouin zone to identify topological features. For a finite size QG and/or in the presence of random

2/11
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A 0 0 0 0 Z 0 Z 0 Z 0 Z 0

AIII 1 0 0 1 0 Z 0 Z 0 Z 0 Z

AI 0 + 0 0 Z 0 0 0 2Z 0 Z2 Z2
BDI 1 + + 1 Z2 Z 0 0 0 2Z 0 Z2
D 2 0 + 0 Z2 Z2 Z 0 0 0 2Z 0

DIII 3 – + 1 0 Z2 Z2 Z 0 0 0 2Z
AII 4 – 0 0 2Z 0 Z2 Z2 Z 0 0 0
CII 5 – – 1 0 2Z 0 Z2 Z2 Z 0 0
C 6 0 – 0 0 0 2Z 0 Z2 Z2 Z 0
CI 7 + – 1 0 0 0 2Z 0 Z2 Z2 Z

Table 1. Tenfold classification. The first five columns display the 10 symmetry classes labeled by s and defined by
their antiunitary symmetries T,P and chirality C. “+" (“≠") means that the relevant operator is a symmetry which
squares to 1 (≠1) and “0” the absence thereof. The last 8 columns indicate possible topological classes (0,Z,Z2) as
a function of the reduced dimension ” = d≠D.

The tenfold classification and quantum graphs

We start by considering Hamiltonians H(N,d,s) of a QG with N vertices. Among equivalent representations we
choose the tight-binding (TB) description, user friendly and easily interfacing with condensed matter systems. A
general TB model for a QG is the Bogoliubov-de Gennes (BdG) Hamiltonian,

H =
ÿ

i,j

tijc
†

i
cj +�c

†

i
c

†

j
+�†

cicj (1)

where ci(c†

i
) are fermionic operators, cic

†

j
+ c

†

j
ci = ”ij , at site i of a d-dimensional lattice. The hermitian hopping

matrix t can be random, and the matrix � accounts for anomalous coupling e.g. superconductivity. A normal metal
or insulator has � = 0 and U(1) gauge symmetry for particle conservation. If U(1) is broken, then � = 0. Spin
variable is not explicitly considered but can be added. The continuous description of a QG is restored from the TB
Hamiltonian in the low energy limit, meaning one can diagonalize the TB Hamiltonian and expand the spectrum
around low energy to achieve an equivalent continuous description. Hamiltonians H(N,d,s) in (1) are classified
using two anti-unitary symmetries S © T,P , which comes in three flavors: either it is absent, S = 0, or present
with S

2 = ±1. A third, chiral symmetry C, is the product C = PT . It is unitary but anti-commuting with the
Hamiltonian (1). Chiral symmetry exists when both P and T are present except for the case P = T = 0, so that
ten possible symmetry classes (T,P,C) exist which are labeled by the index s. It is worth noting that while the
10 (T,P,C) classes exhaust all possible Hamiltonians (1), it is not always that T or P correspond to the physical
symmetries of a given model. They can be indeed modified by additional symmetries such as U(1) or spin SU(2).

The geometric nature of the lattice is an important piece of information. It encodes the degrees of freedom in
the system, e.g., spin, atoms in the unit cell, orbitals, valleys. In the simplest case, the only degrees of freedom are
within a unit cell. Assuming they are all binary degrees freedom (taking only two values), one can write N = Ñ2�H ,
where �H is the number of degrees of freedom and Ñ the number of unit cells. In more complex scenarios, such
as when coupling between valleys is present this formula no longer holds. The degrees of freedom are encoded
within the Hamiltonian however in many cases they are di�cult to extract. This applies for infinite as well as
finite graphs. For (infinite) periodic lattices, this information is encoded in the Bravais lattice so that N rewrites
N = Ñ �H where �H is the number of degrees of freedom, e.g., spin, atoms in the unit cell, orbitals, valleys, and
Ñ the number of unit cells. This applies as well to finite graphs.

Symbol operator

The tenfold classification of Bravais lattices relies on translation symmetry, the use of Bloch theorem and the
corresponding Brillouin zone to identify topological features. For a finite size QG and/or in the presence of random
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A C T  I I

Two Qubits Go Topological

Orion & Akkermans  ·  Phys. Rev. B 111, 245408 (2025)

• The Wootters concurrence = antiunitary time-reversal operator Θ 
• Cartan decomposition splits operators into entangling and non-entangling 
• Five topological phases Z₅ in a four-dimensional Hilbert space 
• Bell-state zero modes at topological phase boundaries



Wootters Concurrence and Time-Reversal Symmetry
ACT II

Can the tenfold classification — built for large systems — say anything about a 4-dimensional Hilbert space?

Wootters concurrence:   Cψ = |⟨ψ|Θ|ψ⟩|     with    Θ = (σᵧ ⊗ σᵧ)K

Θ = (σᵧ ⊗ σᵧ)K:  Time-reversal operator for two spin-1/2 particles. K = complex conjugation in computational basis.

Θ2 = +1₄:  Squares to +1 → class AI symmetry. This is the same operator that classifies the symmetry class.

Cψ = 0:  Separable state. Cψ = 1: maximally entangled (Bell) state. Same Θ defines both entanglement and topology.

Not a coincidence:  The operator that measures entanglement identifies the symmetry class. This is the heart of the connection.
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topological phase transitions



C L O S I N G   —   T h e  U n i f i e d  P i c t u r e

Graphene + defects Two qubits Quantum gates

Key object Symbol H(k,r) Cartan decomposition Winding number νH

Topology Defect dimension D Z₅ phases, class AI Disconnected H classes

Observable Zero modes (edge states) Concurrence / Bell states Geometric phases

Tool Index theorem Homotopy groups Sum rule Σγn = 2πνU



Conclusions and Open Directions

Topology is a necessary condition for entanglement.

The Weyl symbol H(k,r) is the right object for topological classification — not the Hamiltonian.

O p e n  d i r e c t i o n s

• Extension to N > 2 qubits via Uhlmann concurrences and multi-qubit Cartan decompositions 
• Topological modes in condensed matter (Hubbard model, quantum dot arrays) as protected distinguishable qubits 
• Pre-calibration diagnostics: geometric phases identify which topological class is most noise-robust

Bell states are zero-dimensional topological zero modes — maximally entangled states at phase boundaries.
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view Letters 102, 1 (2009).

[13] N. Rohling and G. Burkard, New J. Phys. 14, 083008
(2012).

[14] B. G. de Moraes, A. W. Cummings, and S. Roche, Phys-
ical Review B 102, 041403 (2020).

[15] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. den Nijs, Phys. Rev. Lett. 49, 405 (1982).

[16] A. Altland and M. R. Zirnbauer, Physical Review B 55,
1142 (1997).

[17] A. Kitaev, AIP Conference Proceedings 1134, 22 (2009).
[18] M. Stone, C.-K. Chiu, and A. Roy, Journal of Physics

A: Mathematical and Theoretical 44, 045001 (2010).
[19] A. W. W. Ludwig, Phys. Scr. T168, 014001 (2016).
[20] C.-K. Chiu, J. C. Teo, A. P. Schnyder, and S. Ryu,

Reviews of Modern Physics 88, 035005 (2016).
[21] A. S. T. Pires, A Brief Introduction to Topology and Dif-

ferential Geometry in Condensed Matter Physics (Second

Edition), 2053-2563 (IOP Publishing, 2021).
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A perfect gate is represented by G = e
≠iHgT , i.e. a chosen Hamiltonian applied for a specifically chosen time interval.

To test the robustness of our models for quantum gates we have opted for a physical microscopical description of
noise, such that the Hamiltonian is modified in specific ways by random variables. We are focusing on single-qubit
and two-qubit gates as these are the types of gates implemented in most quantum systems. We divide our noise
models into two types: single-qubit and two-qubit.

Single qubit noise is modeled by the addition of constant magnetic fields, chosen at random. then the noise is
modeled by

Hg,B = Hg + B̨1 · ‡̨ ¢ I + I ¢ B̨2 · ‡̨

GB = e
≠iHg,BT

where B̨1, B̨2 are 6 independent random variables. Note that although the noise comes from a single-qubit e�ect, which
by itself cannot change the entanglement, it might create entangling and disentangling terms from the commutation
relations of the noise with Hg.

This model is known to be physical for systems such as quantum dots, where the exact magnetic field on each dot
changes each initialization and is not always easy to negate. From another perspective, when averaged over many
realizations GB might not be unitary. GB can then be interpreted as a lossy gate.

Two-qubit noise is modeled by modifying three parameters, –, —, “ which are su�cient for the non-local description
of any two-qubit gate. Any U(4) gate can be decomposed as [1, 2]:

U = K2 e
≠i(–‡x¢‡x+—‡y¢‡y+“‡z¢‡z)

K1

where K1,2 œ SU(2) ¢ SU(2) are local operations. This means that 2-qubit gates can be decomposed into a single
non-local operation preceded (K1) and followed (K2) by a local operation. This non-local part is characterized by 3
real parameters.

Thus we reduce any 2-qubit operation to

H2qg = –‡x ¢ ‡x + —‡y ¢ ‡y + “‡z ¢ ‡z

and look at

G = e
≠iH2qgT

as the representative of all 2-qubit phenomena. To model 2-qubit noise, we insert a random imperfection to each of
–, —, “ determined by the gate modeled,

H2qg,N = – (1 + ”1) ‡x ¢ ‡x + — (1 + ”2) ‡y ¢ ‡y + “ (1 + ”3) ‡z ¢ ‡z

where ”i are independent random variables.
Such a model might describes imperfections in gate implementation. In quantum dots, for example, imperfections

in the voltage barrier between dots might cause random anisotropy in the S̨ · S̨ between qubits. Similar to the
single-qubit case, G2qg,N might no be unitary, and interpreted as such.
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