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Can one hear the shape of a drum?
The Problem
d o~
Q C RY non-empty, open, bounded (d > 1) Q '

—Au=nu inQ (1) il o
u=20 on 012, = 4

a2 )
—A = — Zzzl % Laplacian
e

Solutions ordered:

O<m<mp< - <y <-e e
(Lapidus)

where 1, — oo for n — co.

Physical interpretation:
(1) wave equation of function periodic in time
1), acoustic frequency of a wave mode.




Can one hear the shape of a drum?
Inverse Problem — Compute the drum given its spectrum
Unsolvable for domains with piecewise smooth boundary:

(Gordon, Webb, Wolpert (Buser, Conway, Doyle, Semmler
1992) 1994)
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Unsolvable for domains with fractal boundary

(Lapidus)
Fractal sprays — countable unions of

(Chen, Sleemann 2000)
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Can one hear the shape of a drum?

Forward Problem — Influence of a domain’s geometry on its Laplace spectrum

Q C R? non-empty, open, bounded (d > 1)

{—Au:nu in Q

u=20 on 09, .~
&

2 i
—A ==, 2 Laplacian
Xk

Solutions ordered:

O<m<m<--<np<---,

where 1, — oo for n — oco.

Theorem (Weyl 1912, Ivrii 1980)

If Q has sufficiently smooth boundary, then as n — oo

d—1

No(n) == #{n. < 1} =cavolg(Q) - n% + cq_1volg_1(Q) - 7T
+ o(n%).
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Q C R? non-empty, open, bounded (d > 1)

—Au=nu inQ
u=20 on 09, oK1=5

Q=1[0,1]2\'S

2 i
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Influence of a domain’s geometry on its Laplace spectrum

Domains of interest

o [ itself has fractal
boundary

@ Contraction ratios
not all the same

o Conformal
contractions

@ Infinitely many

contractions

Not all

concatenations
allowed
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Fractal Sprays




Fractal Sprays

Role of the generator

k() =D Ni(Zn),  ro= 4]

log 4
— Lapidus 1991:  Ng(n) = cavola(K)n + (’)(772|§g3)
— Netrusov, Safarov 2005: boundary locally a graph

Strichartz, Wiese 2022:
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The generator
Explicit error bounds

Theorem (K., Schmidt 2024 & van den Berg, Lianantonakis 2001)

Q C RY well-covered, each covering domain has well-behaved
foliation, OS) has upper inner Minkowski dim 6. 3CL € R: Vi > ng

C_1P/? < Ng(n) — cqvolg(Q)n? < Con/?

well-covered:
e Cover {Df C Q}ic,

of Q_,
o #l. < C(Q)e?
e D¢ have uniformly
comparable diamater
e Each D} well-foliated




The generator
Explicit error bounds

Theorem (K., Schmidt 2024 & van den Berg, Lianantonakis 2001)

Q C RY well-covered, each covering domain has well-behaved
foliation, OY has upper inner Minkowski dim §. AC. € R: Vn > ng

C_n’/2 < No(n) — cavolg(Q)n? < Corp/?

well-foliated: N
e parameterise fibers

¢: (g, t) = (1)
o 3 := |detDg|

inf ,t) >0
oess(q,lgeDﬁ(q )

. sup/ B(q, t)dt < oo
Yq

37" q€l



Explicit error bounds

Seed-foliation:

Foliation:

Conformal Seed:




Explicit error bounds
Ideas of proof
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Ideas of proof

Theorem (K., Schmidt 2024 & van den Berg, Lianantonakis 2001)
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= NJ(n) =1Vn <o, no ~ €2

o 2-term asymptotics for polygons —
CdVO|d(Q)7]d/2 + Adiflﬂi)/(d—l)/Q

e For large 1 can choose e: n ~ ¢ 2



Higher order asymptotics

Transforms

log 4 log 4

=" cvola(K) - r2n + Mic(r2n)rs=> niees




Higher order asymptotics

Transforms

w w
log 4 log 4
=" cvola(K) - r2n + Mic(r2n)rs=> niees
w

— Fourier-Laplace transform

— meromorphic extension

— poles, residues at poles

— recover information on the original problem



Influence of a domain’s geometry on its Laplace spectrum

Steiner-Formulae & Weyl-Asymptotics

log 4

Ng(n) = ZW(U)??Z +Wa(n)n*t + O(n2e3)

P g 1= 5]
iex
vola((09)c) = Y M(2)e” + Y Mo(e)e?
z={R@z) 1= > i




