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Framework: two-sided extension domains [always assumed]

Definition

Q is a two-sided extension domain if:

(i) Qis an H'-Sobolev extension domain?;
(ii) Q° := R"\Q is an extension domain;

(iil) 8Q = A(Q°) et A()(8Q) = 0.

A

Two-sided
extension domain

) and (ii) fail (iii) fails

No specified boundary measure.
![Hajtasz, Koskela et Tuominen, 2008]
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

1
Tr; =i dx, H(Q), 0Q q.e.
' U(X) rLrSJr )\(”)(Q N Br(X)) /QOB,(X) o ‘e ( ) X< €

X
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Boundary conditions on extension domains
e Dirichlet BC: trace operator [Biegert, 2009]

1
Triu(x) = i
Ul = i @ B, ()

Theorem (Trace theorem)
- B(0Q) := Tr;(H'(Q)) is a Hilbert space for

Ifllsae) == min{l|vl[m@) | Triv="~f}=[7]mg),
where (—A + 1)V = 0 weakly on Q (i.e. v € V41(Q)) and Tr; v = f.

/ udx, ue HYQ), x €00 q.e.
QNB(x)

- Ker Tr; = H(Q) == (@) "
- i(Q) = (H(Q))*-
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

Triu(x) = lim /QQB( ) udx, we HY(Q), x €09 q.e.

We consider Tr; : HY(Q) — B(09).
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

Tr; = i ix, HY(Q), Q q.e.
ri u(x) rig‘/\(”)(QHB,(X))/QQB,()U(X ue H(Q), xedQ q.e

We consider Tr; : HY(Q) — B(9Q).

e Neumann BC: weak normal derivative [Lancia, 2002]
1 Oiu ) '
Vv € H(Q), —, Triv = [ (Auv)vdx+ [ Vu-Vvdx,
v 55 /0

Q

where u € HY(Q) with Au € L?(Q).

We consider 22 : HY(Q) N {A- € L2(Q)} — B'(99).
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Boundary conditions on extension domains

e Dirichlet BC: trace operator [Biegert, 2009]

Treu(x) = lim 7(_.1 / udx, u€ Hl(ﬁc), x € 082 gq.e.
=0t XD(Q7 N B (x)) JanB,(x)

We consider Tr, : HY(Q") — B(99Q).

e Neumann BC: weak normal derivative [Lancia, 2002]

Yv e HY(Q"), <(?éu,Tre v> —/ (Au)vdx—/ Vu-Vvdx,
0 BB —c ﬁc

1% o Q

where u € HY(Q°) with Au € [3(Q°).

We consider ¢ : HY Q) n{A- € 12(Q°)} — B'(89).

G. Claret (MICS, FdM, CS, UPSay) Riemann-Hilbert on ext. domains June 18, 2025



Specific extensions
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Specific extensions

Eq : HY(Q) — HY(R") N V4(Q°)

Q
/. .\
z g |
[
°
: g j
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Specific extensions

Eq : HY(Q) — HY(R") N V4(Q°)
Q

|

Q

June 18, 2025
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Specific extensions

Eq : HY(Q) — HY(R") N V4(Q°)
Q

Ege : HY(Q%) — HY(R") N V4(Q)
o .

Hoq : B(OQ) — HL(R") N V4 (R"\OQ)

Q
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The Riemann-Hilbert problem on Lipschitz domains

u is holomorphic on C\042,
Riemann-Hilbert problem: Ty —Trd%u = f,

u(z) - 0 as |z| = +oo.

2[Muskhekishvili, 1977]
3[Chapman and Vanden-Broeck, 2006]
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The Riemann-Hilbert problem on Lipschitz domains

u is holomorphic on C\042,
Riemann-Hilbert problem: Ty —Trd%u = f,

u(z) - 0 as |z| = +oo.

If Q is Lipschitz, then u = ®yqf where

doaf(z) = i/m fy) Ady), zeC,

Wiy
is the Cauchy integral?.

Used in signal processing and for the computation of gravitational
waves®,

2[Muskhekishvili, 1977]
3[Chapman and Vanden-Broeck, 2006]
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Connection to the harmonic transmission problem

—Au=0 onR"\0Q,

Transmission problem: -gim Ug Trgg u="f¢€B(09),
iu u
R j =g c B’(@Q)

*Classical case: [Verchota, 1984], [Costabel, 1988], [McLean, 2000], [Nédélec, 2001],
and many more. /Extension domains: [C., Hinz, Rozanova-Pierrat and Teplyaev, 2024].
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Connection to the harmonic transmission problem

—Au=0 onR"\0Q,

Transmission problem: -gim Ug Trgg u="f¢€B(09),
iu u
R j =g c B’(@Q)

By the superposition principle,
Tr?? ug — Trd® ug =0,
U= us— up where diup  deup
ov o

*Classical case: [Verchota, 1984], [Costabel, 1988], [McLean, 2000], [Nédélec, 2001],
and many more. /Extension domains: [C., Hinz, Rozanova-Pierrat and Teplyaev, 2024].
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Connection to the harmonic transmission problem

—Au+u=0 onR"N0Q,

Transmission problem: -([)rim Ug Tr(e?Q u="f¢€B(09),
iU u
5 5V =g € B'(09).

By the superposition principle,
Tr?? ug — Trd® ug =0,
U= us— up where diup  deup
ov o

We introduce the single and double layer potential operators*

Soq: g € B/(ﬁQ) — us € Vi(R™09Q),
Dagq : fe B((?Q) — up € Vi (R”\@Q)

*Classical case: [Verchota, 1984], [Costabel, 1988], [McLean, 2000], [Nédélec, 2001],
and many more. /Extension domains: [C., Hinz, Rozanova-Pierrat and Teplyaev, 2024].
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Outline of the method

Solve the R-H problem on two-sided extension domains.

G. Claret (MICS, FdM, CS, UPSay) Riemann-Hilbert on ext. domains June 18, 2025



Outline of the method

Solve the R-H problem on two-sided extension domains.

® For Lipschitz boundaries, ®5qf solves a transmission problem:
Poaf = Ssagr — Doaf .

@ Syq and Dyq are well-defined for two-sided extension domains.
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Outline of the method

Solve the R-H problem on two-sided extension domains.

® For Lipschitz boundaries, ®5qf solves a transmission problem:
Poaf = Soagr — Doaf .

@ Syq and Dyq are well-defined for two-sided extension domains.

Q Approximate Q with smoother (Q,)c1, to prove that the solutions
for 0Qy, ®oq, fk, converge to a solution for 002, ®oqf.
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Outline of the method

Solve the R-H problem on two-sided extension domains.

® For Lipschitz boundaries, ®5qf solves a transmission problem:
Poaf = Ssagr — Doaf .

@ Syq and Dyq are well-defined for two-sided extension domains.

Q Approximate Q with smoother (Q,)c1, to prove that the solutions
for 0Qy, ®oq, fk, converge to a solution for 002, ®oqf.

® How to approximate Q7?

® What does converge mean for functions defined on different
spaces?
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Dyadic approximation

____________

______

G. Claret (MICS, FdM, CS, UPSay) eman ext. domains June 18, 2025 11/24



Dyadic approximation
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Dyadic approximation
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Dyadic approximation
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Dyadic approximation
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Proposition
Let (Q)ken be a dyadic approximation of Q. It holds Q. Q.
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Convergence of and along a sequence of Hilbert spaces

Definition (Convergence of Hilbert spaces [Kuwae-Shioya, 2003])

A sequence (Hy) of Hilbert spaces converges to a Hilbert space H through
(Tk)ken, where (Tx € L(H, Hk))ken. if it holds

VueH, |[Tkulln, — |lulla-
k—00

Morally, u € H is represented in Hy by Tru.
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Convergence of and along a sequence of Hilbert spaces

Definition (Convergence of Hilbert spaces [Kuwae-Shioya, 2003])

A sequence (Hy) of Hilbert spaces converges to a Hilbert space H through
(Tk)ken, where (Tx € L(H, Hk))ken. if it holds

Vue H, |[Tkulln, —— llulln-
k—o0

Morally, u € H is represented in Hy by Tru.

Definition (Convergence of vectors)

Assume Hy — H through (7x)ken. A sequence (ux € Hy)ken is said to
converge to u € H if it holds

||Uk = 77<U||Hk — 0.
k—00

Converging to u means becoming arbitrarily close to its representatives 7Ty u.
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lllustration of the convergence of Hilbert spaces




lllustration of the convergence of Hilbert spaces

u
5 U s
L]
— R o - Uk__ _ -

“ N ’, N - T ¢ N 4 N
/7-“ \ ’ \ ’ \ - \
/ 1 N / 7-2U / 7§U \ / ,TkU \ AT \
/ \ / \ / \ / / \
! \ ! \ ! \ ! \ ! \
: . : . : . | : . | : . |
\ ! \ ! \ ! \ ! \ O !
\ / \ / \ / \ / \ /
\ / \ / \ / \ / \ /
\ 4 \ 4 \ / \ 4 \ /
N // N // N // N // \\ //
Hy H, Hs Hy ’ H

k—00

ux — u through (7%)ken...



lllustration of the convergence of Hilbert spaces

u
d U us
- - Uy _ _
//71”\\\ R //,7/- \\ - /./ : \ ﬁi’(\\\\“*'// \\\
// \ // 2U \ // 7§U \ // 77(“ \ // u \
. \\ . \\ . \\ . | /l \\
: . | : . | : . | : . | : . |
\ ! \ I’ \ ! \ /, \ O /I
' Riu ' Rou ' Rsu \\'_'Rk/U¢/ N /
o« - « - -« - / \ /
Hy H> H3 Hy PR H
ux — u through (7%)ken... but not through (R )ken !
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Decompositions of the space of solutions

The space of solutions to (—A + 1)u = 0 on R"\0Q can be described as

VI(RMOQ) = Vi(Q) & W(Q9) (geographic)

= Vis(RMoQ) & Vip(R™M0Q) (in potentials)
—_— —_—

null jump in Tr null jump in 2
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Decompositions of the space of solutions

The space of solutions to (—A + 1)u = 0 on R"\0Q can be described as

VI(RMOQ) = Vi(Q) & W(Q9) (geographic)

= Vis(RMoQ) & Vip(R™M0Q) (in potentials)
—_— —_—

null jump in Tr null jump in 2

The problem is connected to the decomposition in potentials...
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Decompositions of the space of solutions

The space of solutions to (—A + 1)u = 0 on R"\0Q can be described as

VI(RMOQ) = Vi(Q) & W(Q9) (geographic)

= Vis(RMoQ) & Vip(R™M0Q) (in potentials)
—_— —_—

null jump in Tr null jump in 2

The problem is connected to the decomposition in potentials...

but the geographic decomposition is more tangible.
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Convergence framework for V; functions inside

If Qx 7 Q, which ux € V1(k) represents a given u € V;(Q) best?
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Convergence framework for V; functions inside

If Qx 7 Q, which ux € V1(k) represents a given u € V;(Q) best?
Since Qi C Q, if u € V4(Q), then ulg, € Vi (Qx).

Jolay oy = [ (IVul? +|uP)ig, dx

2 2 2
= RH(WU\ + ul) g dx = |ullfp(q)
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Convergence framework for V; functions inside

If Qx 7 Q, which ux € V1(k) represents a given u € V;(Q) best?

Since Qi C Q, if u € V4(Q), then ulg, € Vi (Qx).

Jolay oy = [ (IVul? +|uP)ig, dx

2 2 2
= RH(WU\ + ul) g dx = |ullfp(q)

Proposition
If Qy /‘ Q, then Vl(Qk) — Vl(Q) through ('|Qk)kEN-
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Convergence framework at the boundary: traces

If Qx 7 Q, which f, € B(0) represents a given f € B(0R2) best?
Ex: Q=]0,1[ and Q4 =]27k, 1 — 27K, k > 2.

NI
EN[RE S
|
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Convergence framework at the boundary: traces

If Qx 7 Q, which f, € B(0) represents a given f € B(0R2) best?
Ex: Q=]0,1[ and Q4 =]27k, 1 — 27K, k > 2.

Bl

There is an infinite number of ways to connect the dots...
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Convergence framework at the boundary: traces

If Qx 7 Q, which f, € B(0) represents a given f € B(0R2) best?
Ex: Q=]0,1[ and Q4 =]27k, 1 — 27K, k > 2.

Bl

Bl
=L

There is an infinite number of ways to connect the dots...

@ Extend using a solution to the problem (here, (—A + 1)u = 0)
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Convergence framework at the boundary: traces

If Qx 7 Q, which f, € B(0) represents a given f € B(0R2) best?
Ex: Q=]0,1[ and Q4 =]27k, 1 — 27K, k > 2.

Bl

BRI o
=L

Proposition

If Q7 Q, then B(0S) — B(9Q) through (Tr?* oHaq)ken.
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Did we do things right?

We chose those convergence frameworks for the Vi and B spaces because
they felt ‘natural’. Do they work together?
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Did we do things right?

We chose those convergence frameworks for the Vi and B spaces because
they felt ‘natural’. Do they work together?

Proposition
Assume Qi 7 Q. If (uk € Vi(Q))ken and u € V1(Q2), then

uy — u  through (-|q,)ken
k—o0

— Tr?Qk Uk k—> Tr,-af2 u through (TraQ“ oHpq)ken-
—00
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Did we do things right?

We chose those convergence frameworks for the Vi and B spaces because
they felt ‘natural’. Do they work together?

Proposition
Assume Qi 7 Q. If (uk € Vi(Q))ken and u € V1(Q2), then

uy — u  through (-|q,)ken
k—o0

— Tr?Qk Uk k—> Tr,-af2 u through (TraQ“ oHpq)ken-
—00

The convergence frameworks for V4 and B are indeed compatibles.
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Are those convergence frameworks relevant?

A priori, a convergence across Hilbert spaces is very weak...

Proposition

Assume Q. Q and (Eq, )ken is uniformly bounded. If (ux € Vi(Q))ken
and u € Vi(Q), then

Uy — u through ('le)keN <~ ||EQU — EQkUk”Hl(Rn) — 0.
k—o00 k—o00
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Are those convergence frameworks relevant?

A priori, a convergence across Hilbert spaces is very weak...

Proposition

Assume Q. Q and (Eq, )ken is uniformly bounded. If (ux € Vi(Q))ken
and u € Vi(Q), then

Uy — u through ('le)keN <~ ||EQU — EQkUk”Hl(Rn) — 0.
k—o00 k—00

The convergence across spaces for V; functions can be strengthened into a
(standard) convergence on H'(R"): we did things in the ‘right way’!

Consequently, the convergence framework for 3 is also ‘right’.
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

-

O+
Bl

ENTRES

Proposition

IfQ 7 Q, then Vi(Q)) — VA(Q°) through (

)keN-
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

O+
Bl

ENTRES

Proposition

IfQ 7 Q, then Vi(Q)) — VA(Q°) through (

Ege - )keN-
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?

Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

T

Bl
[

O+
Bl

Proposition
If Qu 7 Q, then Vi(Q)) — VA(Q°) through (( Ege- gt )ken
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

O+
Bl

ENTRES

Proposition

IfQ 7 Q, then Vi(Q)) — VA(Q°) through (

(Ege o, )ken-
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

Bl

ENTRES

Proposition

If Qi 7 Q, then VA(Qy) — VA(Q") through ( Eq, (Eg: - )la,

)keN-
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?

Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

-
-

//

Bl
[

O+
Bl

Proposition
IFQx 7 Q, then VA(Qy) — VA(Q") through ((Eq, (Eg: - ) lge Jken-
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Convergence framework for V; functions outside

If Q, 7 Q, which v, € V4(Q}) represents a given v € V4(Q°) best?
Ex: Q=]0,1[ and Q4 =]27%, 1 — 27K, k > 2.

-
-

0

//

Bl
[

]
1
4

Proposition

IfF Q. 7 Q, then Vi(Q)) — VA(Q°) through (E)ken.
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Did we do things right? — part 2

Can we link the convergence of the solutions and their exterior boundary
values as we did before?
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Did we do things right? — part 2

Can we link the convergence of the solutions and their exterior boundary
values as we did before?

Proposition

Assume Qi / Q, and (Eq, ) and (Eﬁi) are uniformly bounded. If
(ur € Vi(}))ken and u e V4(Q°), then

up — u  through (Ek)ken
k—o0

= Trgﬂk Uk k—> TrgQ u through (Tran oHyq)ken
— 00

——= ||E§cu = Eﬁiuk”Hl(R") m 0
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Back to the whole space

We built the convergence of the V; spaces along the geographic
decomposition...

Proposition

Assume Qi Q, and (Eq, ) and (Eﬁi) are uniformly bounded. If
(uk € Vl(Rn\an))k — uc Vl(Rn\ﬁﬂ) through (“Qk SV, Sk)k: and

u=Spag — Doaf et ur= Spa,8« — Doq,fk,
then

S0, 8k — Soag through (|, © k),
Dagk fx — Daqf through ("Qk ©® 5/()

... yet the decomposition in potentials is also preserved!
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The Riemann-Hilbert problem on extension domains

Under the same hypotheses, we can deduce

fi — £ through (Tr%* Hpg,)
- (Dan fi — Poaf through ('laﬂ S¥ 5;().
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The Riemann-Hilbert problem on extension domains

Under the same hypotheses, we can deduce

fi — £ through (Tr%* Hpg,)
= (Dan fk — ¢agf through ("69 D 5;().

Since the convergence through (-|oq © £k) can be strengthened into an
H(R") convergence, it also holds

®pq, fk holomorphic on C\0Q2x = Ppqf holomorphic on C\0Q.
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The Riemann-Hilbert problem on extension domains

Under the same hypotheses, we can deduce

fi — £ through (Tr%* Hpg,)
= (Dan fk — ¢agf through ("69 D 5;().

Since the convergence through (-|oq © £k) can be strengthened into an
H(R") convergence, it also holds

®pq, fk holomorphic on C\0Q2x = Ppqf holomorphic on C\0Q.

Let Q be a two-sided extension domain of C. Assume there exists a
sequence of Lipschitz domains (i )ken such that Q, Q, and (Eq,) and
(Eﬁi) be uniformly bounded.

Then, we can define a Cauchy integral ®;q : B(0Q) — H'(C\0RQ)
which solves the Riemann-Hilbert problem.
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Thank you for your attention!

To find out more:
@ G. Claret, A. Rozanova-Pierrat and A. Teplyaev, Convergence of layer

potentials and Riemann-Hilbert problem on extension domains (2024).

@ G. Claret, M. Hinz, A. Rozanova-Pierrat and A. Teplyaev, Layer potential
operators for transmission problems on extension domains (2024).
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A natural model

Many examples of fractal (self-similar) shapes in nature :

Romanesco cabbage

®More in: Mandelbrot, The Fractal Geometry of Nature, 1982.
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Regular case: Lipschitz boundaries

Q is called Lipschitz® if:
(i) 0 is locally the graph of a Lipschitz continuous function,

(i) 2 lies only on one side of 0.

Lipschitz domain Non-Lipschitz domain

On the boundary: Lebesgue’s measure \("~1).

SHenrot and Pierre, 2018.
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Fractal case: d-sets

0 is a d-set’, d € [n— 1, n[, if there is a Borel measure j:

(i) supp p = 09,
(i) Jei, 0 >0, Vx € 09, Vr€]0,1], cr? < u(B.(x)) < crf.

Flocon de Von Koch

In 4
(n—1)-set in3-set

Hausdorff dimension of the boundary d (fixed).

7 Jonsson et Wallin, 1984.

G. Claret (MICS, FdM, CS, UPSay) Riemann-Hilbert on ext. domains June 18, 2025



Some important isometries and estimates

Vi(Q) = HH Q) T » B(09)
9
L w A
VI(Q) 4 = B'(69)
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Some important isometries and estimates

Vi(Q) = Hi(2)* L

» B(9Q)

VI (Q) < B'(9)

Proposition

Let Q be a two-sided extension domain. Then, for v € V; (ﬁc), it holds
(1Bqell? = )72 | Tre vilsan) < IVl ae) < ([Eall® = 1)2[Tre viisge),

where the constants are optimal.
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Convergence of Hilbert spaces

As we just saw, the notion is weak.

Proposition

Let (Hy)ken and H be separable Hilbert spaces.
For all (ux € Hi)ken and u € H such that ||uk| n, — ||ul|H, there exists
(Tk € L(H, Hk))ken such that ux — u through (Tk)ken-
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Convergence of Hilbert spaces

As we just saw, the notion is weak.

Proposition

Let (Hy)ken and H be separable Hilbert spaces.
For all (ux € Hi)ken and u € H such that ||uk||n, — ||u||H, there exists
(77< € ﬁ(H, Hk))keN such that u, — u through (n)keN-

Ex: H. = H=R.

3 — 33 through (idr)ken,
k—o00
but 3 P -3 through (—idgr)ken,
—00
while -3 k—> 3 through (—idg)ken-
—00
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Convergence of Hilbert spaces

As we just saw, the notion is weak.

Proposition

Let (Hy)ken and H be separable Hilbert spaces.
For all (ux € Hi)ken and u € H such that ||uk| n, — ||ul|H, there exists
(Tk € L(H, Hk))ken such that ux — u through (Tk)ken-

It is very weak.

Proposition

Let (Hy)ken and H be separable Hilbert spaces.

Let (ux € Hk) with a finite number of uy =0, and u € H.

Up to replacing the norms on (Hy) with equivalent norms, there exists
(77< S ﬁ(H, Hk))keN such that u, — u through (ﬁ)keN-

The most important part of the statement ‘Hy, — H through (7%)’ is the
sequence (7).
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Convergence framework at the boundary: normal derivatives

If Qx 7 Q, which gy € B'(0) represents a given g € B/(09) best?

First approach: as we did for B.

Proposition
IfQy /Q, then B'(0Qk) — B'(0Q) through (| oa, © Noa)ken.
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Convergence framework at the boundary: normal derivatives

If Qx 7 Q, which gy € B'(0) represents a given g € B/(09) best?

First approach: as we did for B.

Proposition
IfQy /Q, then B'(0Qk) — B'(0Q) through (| oa, © Noa)ken.

Second approach: using what we did for B.
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Convergence framework at the boundary: normal derivatives

If Qx 7 Q, which gk € B'(9€) represents a given g € B'(9RQ) best?

First approach: as we did for B.

Proposition
If Qi 7 Q, then B'(0Qu) — B'(9Q) through (], © Noa)ken:

Second approach: using what we did for B.

0% o
B(an) < Tk oHog B(@Q)
Aaﬂkl )IAAaé
B/ (0S) 4-------------------- B/(69)
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Convergence framework at the boundary: normal derivatives

If Qx 7 Q, which gk € B'(9S) represents a given g € B'(9Q) best?

First approach: as we did for B.

Proposition
If Qy /‘ Q, then B’(@Qk) — B’(@Q) through (f%bﬂk o NaQ)keN.

Second approach: using what we did for B.

Proposition
If Q. 7 Q, then B’((?Qk) — B’(@Q) thI’OUgh (Ek)kEN-
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Convergence framework at the boundary: normal derivatives

If Qx 7 Q, which gk € B'(9S) represents a given g € B'(9Q) best?

First approach: as we did for B.

Proposition
If Qy /‘ Q, then B’(@Qk) — B’(@Q) through (f%bﬂk o NaQ)keN.

Second approach: using what we did for B.

Proposition
If Q. 7 Q, then B’((?Qk) — B’(@Q) thI’OUgh (Ek)kEN-

Since Q C Q, the representatives are the same in both cases.
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